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Executive summary  

​  ​  

​  ​  

This report presents the current state of the PhD project on immersed and high-order 
computational mechanics based on the Shifted Boundary Method (SBM) and Isogeometric 
Analysis (IGA). The original objective of the work was to combine the geometric flexibility of 
SBM with the high-order accuracy and smooth spline-based approximation of IGA, in order to 
address structural and contact mechanics problems on complex geometries more efficiently 
than standard body-fitted approaches. Within this general framework, particular attention has 
been devoted to weak imposition of boundary and interface conditions through Nitsche-type 
formulations, with the broader goal of enabling robust immersed simulations in the presence of 
contact, nonconforming geometries, and localized features. 

The project has now evolved along two main research lines. The first is immersed contact 
mechanics, where an SBM-based formulation for frictionless contact in linear elasticity has been 
developed, in collaboration with Kangan Li and Guglielmo Scovazzi [47], and validated through 
two- and three-dimensional benchmark problems and complex non-watertight geometries. At 
present, however, this contribution has been achieved in the FEM setting, effectively for 
low-order discretizations, while the extension to high-order IGA is still under development. 

The second, and currently central, contribution is the development of the high-order 
isogeometric Gap–SBM. This formulation was introduced to overcome one of the main 
limitations of the classical SBM, namely the reduced accuracy in the treatment of Neumann 
boundary conditions. Instead of neglecting the region between the surrogate and true 
boundaries, the Gap–SBM explicitly reconstructs its contribution through high-order Taylor 
extensions and curvilinear gap elements, achieving optimal convergence for both Dirichlet and 
Neumann conditions without introducing additional degrees of freedom and while preserving 
favorable conditioning. This also makes the formulation structurally suitable for future 
extensions to nonlinear constitutive behavior, including plasticity. 

Another relevant contribution is a multipatch coupling framework based on Gap–SBM. Although 
this is a more methodological development, it is highly relevant for the overall project because it 
enables robust coupling of nonconforming patches with different parametrizations, mesh sizes, 
and polynomial orders, without requiring watertight interfaces or matching knot vectors. Most 
importantly, it provides a simple and flexible way to introduce local refinement near critical 
regions of the domain, which is expected to be especially useful for immersed contact and, 
more generally, for problems involving localized gradients, non-smooth responses, or evolving 
nonlinear zones. 

Taken together, these results shift the project from the initial proof of concept of combining SBM 
and IGA toward a more mature framework in which immersed contact, accurate Neumann 
treatment, and local adaptive refinement are progressively being unified. The next steps are 
therefore to compare immersed contact formulations based on the classical SBM and the 
Gap–SBM, supported by local refinement strategies, and then to extend the same comparison 
to nonlinear materials and plasticity, with the long-term aim of addressing contact problems 
involving more complex physics. 
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List of abbreviations  

ALM Augmented Lagrangian Multiplier method 
FEM Finite Element Method 
IGA IsoGeometric Analysis  
LM Lagrangian Multiplier method  
SBM  Shifted Boundary Method 
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Introduction 

Isogeometric Analysis (IGA) has established itself as a powerful framework in computational 
mechanics by bridging the gap between Computer-Aided Design (CAD) and numerical 
simulation. By employing spline-based basis functions such as B-splines and NURBS, IGA 
enables exact geometry representation, high-order accuracy, and enhanced continuity across 
element interfaces, often achieving superior accuracy per degree of freedom compared with 
standard finite element discretizations. These properties are especially attractive in structural 
and contact mechanics, where geometric fidelity and smooth stress representation play a 
central role. 

Despite these advantages, the practical use of boundary-fitted IGA remains challenging for 
complex geometries, trimmed models, and nonconforming interfaces. The generation of 
analysis-suitable parametrizations may require substantial preprocessing, while immersed and 
embedded approaches based on cut-cell integration are often affected by the small cut-cell 
problem, which can lead to poor conditioning and increased algorithmic complexity. Within this 
context, the Shifted Boundary Method (SBM) provides an attractive alternative by replacing the 
true boundary with a surrogate boundary aligned with the background mesh and transferring the 
boundary conditions through Taylor expansions. In this way, SBM avoids cut-cell integration, 
simplifies preprocessing, and preserves the favorable conditioning properties of the 
discretization. Its integration within IGA has therefore opened a promising route toward accurate 
and flexible high-order immersed simulations on complex domains. 

The initial stage of this work focused on this integration of SBM within IGA and on its application 
to contact mechanics through a penalty-free Nitsche formulation. In the previous technical 
report, this framework was validated on classical benchmarks such as the patch test, the Hertz 
contact problem, and the punch test, showing that accurate and robust contact enforcement 
could be achieved without introducing Lagrange multipliers or penalty parameters. These results 
established the basis for extending the overall methodology toward immersed contact 
mechanics. 

Since then, the project has evolved in two closely connected directions. On the one hand, in 
collaboration with Kangan Li and Guglielmo Scovazzi, an immersed SBM formulation for contact 
in linear elasticity has been developed and validated in the FEM setting [47], demonstrating that 
contact conditions can be imposed on surrogate contact surfaces while retaining robustness 
and avoiding cut-cell integration, even for complex and non-watertight geometries. On the other 
hand, the main methodological effort has shifted toward the development of the high-order 
isogeometric Gap–Shifted Boundary Method (Gap–SBM), introduced to overcome one of the 
main limitations of the classical SBM, namely the reduced accuracy in the treatment of 
Neumann boundary conditions. By explicitly accounting for the region between the surrogate 
and true boundaries through high-order Taylor extensions and gap integration, the Gap–SBM 
restores optimal convergence for both Dirichlet and Neumann conditions without adding 
degrees of freedom and while maintaining favorable numerical conditioning. 

Within this same line of development, another contribution is a multipatch coupling strategy 
derived from the Gap–SBM framework. In the context of the present project, this should mainly 
be regarded as an enabling tool, since it allows nonconforming patches with different 
parametrizations, mesh sizes, and polynomial orders to be coupled in a robust way, while also 
making local refinement near critical regions significantly easier to introduce. This added 
flexibility is expected to play an important role in the next stages of the research, particularly for 
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a more accurate comparison between classical SBM and Gap–SBM in immersed contact, and 
for future extensions to nonlinear materials and plasticity. 

1.​ The Shifted Boundary Method in IGA 
Isogeometric Analysis (IGA) has emerged as a transformative approach in computational 
mechanics, bridging the longstanding gap between Computer-Aided Design (CAD) and 
Computer-Aided Engineering (CAE). Initially proposed by Hughes et al. [1, 2, 3, 4, 5], IGA 
delivers precise geometric representations and high levels of continuity at element interfaces 
[6], making it especially effective for accurately modeling intricate geometries [7, 8, 9]. The 
foundation of IGA lies in employing B-Splines and NURBS basis functions, which provide 
smooth transitions and enable localized refinements, ultimately enhancing the reliability and 
precision of simulations [10, 11]. 

Despite its strengths, traditional boundary-fitted implementations of IGA encounter notable 
hurdles with complex geometries. These include the need for watertight models and the 
computational overhead of managing trimmed or discontinuous surfaces [12, 13]. To address 
these challenges, immersed boundary techniques, such as the Finite Cell Method (FCM) [14, 
15] and Isogeometric Boundary Representation Analysis (IBRA) [16, 17, 18, 19, 20], have been 
introduced. These methods bypass the need for strict boundary conformity by working with 
non-boundary-fitted meshes. However, a persistent issue in these approaches is the handling of 
small cut cells [21, 22], which can degrade computational performance and complicate solver 
convergence. 

The Shifted Boundary Method (SBM) [23,24], originally developed in the context of the Finite 
Element Method (FEM), provides an innovative approach to overcoming challenges associated 
with traditional boundary-fitted methods. By shifting boundary conditions to a surrogate 
boundary and leveraging Taylor expansions for accurate boundary value modifications, SBM 
effectively eliminates the issues caused by small cut-cells. This simplification not only maintains 
optimal accuracy but also reduces the complexity of mesh generation and refinement. 
Applications of SBM in FEM have already demonstrated its efficacy in elasticity and 
incompressible fluid dynamics [25,26,27,28]. 

A brief comparison: IGA and FEM 
A key step in advancing the use of IGA was the implementation of a general body-fitted 
problem, where a flexible, nonlinear mapping between the parameter and physical spaces was 
developed. This mapping leverages IGA’s inherent capability to describe CAD geometries 
perfectly, ensuring precise simulation of even the most complex domains. 

Advantages of IGA over FEM in Body-Fitted Scenarios 

Comparative studies between IGA and FEM have revealed several advantages of IGA in 
body-fitted scenarios: 

1.​ Reduced Degrees of Freedom (DOFs):​
IGA requires fewer DOFs to achieve the same error level compared to FEM. This is due 
to the higher-order continuity of NURBS, which reduces the number of elements and 
control points needed for accurate approximations. 

2.​ Exact Geometry Representation:​
Unlike FEM, where mesh generation can introduce geometric inaccuracies, IGA 
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ensures that the computational domain is an exact replica of the CAD model (Figure 1). 
This exactness is particularly beneficial for problems where geometric fidelity is critical, 
such as those involving contact mechanics. 

3.​ Simplified Refinement:​
Refinement in IGA can be achieved without altering the underlying geometry, making it 
more straightforward to adapt the computational model to different levels of precision. 

4.​ Higher Convergence Velocity:​
Both FEM and IGA exhibit similar convergence orders when using the same polynomial 
degree. However, IGA’s ability to easily increase the order of basis functions without 
remeshing provides a significant edge. Higher-order basis functions lead to enhanced 
convergence rates, enabling IGA to achieve desired accuracy more efficiently and lower 
numbers of degrees of freedom (Figure 2). 
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Figure 1. Comparison of IGA and FEM discretizations. 

Figure 2. Comparison of IGA and FEM convergence and DOFs utilization. 

 

The Shifted Boundary Method 
The Shifted Boundary Method (SBM) offers a flexible framework to address challenges in 
numerical integration over complex domains, including contact mechanics. As outlined in [29], 
SBM shifts the imposition of boundary conditions from the true boundary Γ to a surrogate 
boundary ​, composed of edges of a computational grid. Γ

ℎ 

Boundary conditions are modified using Taylor expansions, ensuring optimal convergence rates. 
This approach avoids challenges associated with small cut cells and simplifies numerical 
integration, making it particularly suited for embedded methods and large deformation problems. 

In this context, the SBM complements Isogeometric Analysis (IGA) by leveraging exact 
geometry descriptions and avoiding trimmed knot spans. This synergy improves the 
representation of physical geometries and enhances computational efficiency. 
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Figure 3:  SBM main characteristics. 

The SBM for IGA has been implemented inside the Kratos Multiphysics framework 
(KratosMultiphycsGithub) to handle 2D fluid and structural mechanics problems with complex 
geometries. 

The SBM implementation preserves the optimal convergence of body-fitted cases under 
Dirichlet boundary conditions, though it experiences a one-order reduction in convergence for 
Neumann (load) conditions. This functionality has also been extended to 3D problems, 
broadening its applicability (Figure 4). 

​

 

Figure 4. IGA+SBM for 2D/3D problems. 

Finally, Figure 5 shows a convergence comparison between standard IGA and IGA with SBM 
for the case of circular geometry. No big loss is evident for the use of the SBM against the exact 
geometry of the body-fitted scenario. 
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Figure 5. Comparison of IGA body-fitted and IGA + SBM convergence for a circle. 

 

2.​ The Shifted Boundary Method for contact 
problems 
The results summarized in this section were obtained in collaboration with Kangan Li and 
Guglielmo Scovazzi and are documented in [47]. We propose an embedded algorithm for 
contact mechanics based on the Shifted Boundary Method. The contact conditions are applied 
on a surrogate contact surface in proximity of the true contact surface and Taylor expansions 
are used to change (shift) both their value and location. This approach is robust, accurate, and 
avoids integrating the variational formulation on cut cells and related numerical instabilities. 
Computational experiments in both two and three dimensions are provided to demonstrate the 
performance of our methodology. The proposed approach offers an advantage whenever bodies 
of very complex shape come into contact, especially when the shapes are not represented 
using standard Computer Aided Design (CAD) formats. In all these situations, body-fitted grid 
generation may become extremely time consuming or completely unfeasible. The work 
presented here applies to frictionless contact under the hypothesis of small-strain contact 
mechanics, although the concepts are in principle extendable also to wider contexts. 

The momentum balance equation in the physical domain  reads​Ω
 

 

where is the displacement,  is the body force per unit volume,   is the stress tensor and 𝑢 𝑓 σ(𝑢) 
∇ and ∇⋅ are the gradient and divergence operators, respectively. In particular   , 𝑢 =  𝑥 −  𝑥

0
 

that is the displacement is the difference between the current position  of a material point and its 
original position  . 𝑥

0
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Let the boundary be partitioned into , as in Figure 6, where  is the  Γ =  Γ

𝐷 
𝑈 Γ

𝑁
 𝑈 Γ

𝐶
  Γ

𝐶
 

candidate contact boundary. THe boundary conditions on  and  are, respectively,  Γ
𝐷

 Γ
𝑁

 

where  is the normal traction and  is the outward-pointing normal to the boundary . The  𝑡
𝑁

  𝑛  Γ
boundary is further partitioned as                       , where the apices “a” and “i” stands for active 
and inactive part of the contact boundary, respectively. ​

 

Figure 6. Signorini’s problem: the domain  and the boundary partition    , with   Γ =  Γ
𝐷

 𝑈 Γ
𝑁

 𝑈 Γ
𝐶

 ∅,   ∅, and   ∅.  Γ
𝐷

 ∩ Γ
𝑁

 =  Γ
𝐶
 ∩ Γ

𝑁
 =  Γ

𝐷
 ∩ Γ

𝐶
 =

The obstacle is represented as a curve/surface  in the two/three-dimensional space, and a Γ
0

point  on  will come in contact with a corresponding candidate contact point . The 𝑥 Γ
𝐶

𝑦
0
 ∈ Γ

0

location of  is typically found by means of closest-point projection techniques. One can define 𝑦
0

the normal gap between   and  : Γ
𝐶

Γ
0

  𝑔
𝑛
(𝑢) =  (𝑦

0
− 𝑥) · 𝑛 =  (𝑦

0
 −  𝑥

0
 −  𝑢) · 𝑛 =  (𝑦

0
 −  𝑥

0
) · 𝑛 −  𝑢 · 𝑛,

​
​
Where  is the unit normal to  and  the initial gap. This work is developed under the 𝑛 Γ

𝐶
𝑔

𝑛;0
hypothesis of small-strain contact mechanics. Hence  and  depend on the initial geometry 𝑛 𝑦

0
and are kept fixed during simulations. The contact pressure is considered when , 𝑔

𝑛
(𝑢(𝑥)) =  0

whereas on the inactive contact boundary , instead, we have  > 0, and a traction-free Γ𝑖
𝐶

𝑔
𝑛
(𝑢(𝑥))

condition is applied.​
​
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Now, the goal of the SBM is to modify the contact conditions so that they are applied on   Γ

𝐶

~

rather than . For this reason we have introduced the shift operators that approximates the Γ
𝐶

exact expansion values of  and  on :​𝑢(𝑥) σ(𝑥) Γ
𝐶

​

 ​
​
We can henceforth redefine the normal gap by means of this shift operator as:​
​

  

 

A convenient way to summarize the derivation is to start from the classical body-fitted Signorini 
problem and use the Lagrange multiplier only as a conceptual bridge to the final primal 
formulation. In the body-fitted setting, unilateral frictionless contact can be described in terms of 
the normal gap  and of the normal contact traction , subject to the 𝑔

𝑛
(𝑢) λ

𝑛
Hertz-Signorini-Moreau conditions 

 

An augmented multiplier can then be introduced as   that the active and λ
𝑛

~
 : =  λ

𝑛
 +  α𝑔

𝑛
(𝑢)

inactive contact regions are identified by the sign of . This construction is useful because it λ
𝑛

~

provides a robust framework for the treatment of the transition between contact and no-contact 
[47]. ​
​
In the shifted-boundary setting, however, the derivation is not obtained by writing a shifted 
potential functional. Instead, the formulation is derived directly from the strong form of linear 
elasticity posed on the surrogate domain, after testing it with admissible variations and replacing 
the contact conditions on the true boundary with their shifted counterparts on the surrogate 
contact boundary. ​
For this reason we have introduced the shift operators that approximates the exact expansion 
values of  and  on :​𝑢(𝑥) σ(𝑥) Γ

𝐶
​

 ​
​
We can henceforth redefine the normal gap by means of this shift operator as:​
​
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​
and the corresponding shifted augmented multiplier as​
 

 

The active and inactive portions of the surrogate contact boundary are then identified by the 
signs of this new . This allows the contact conditions to be consistently transferred from the λ

𝑛

~

true boundary to the surrogate one. ​
​
Starting from the weak form of the momentum balance on the surrogate domain and inserting 
the shifted contact conditions, one obtains the shifted augmented formulation. In compact form, 
its structure can be written as​
​

​
Here, the factor   accounts for the geometric relation between surrogate and true (𝑛

~
 ·  𝑛)

boundaries. The shifted Nitsche formulation is finally obtained by replacing the Lagrange 
multiplier with the shifted normal stress, namely 

 

In this way, the formulation becomes purely primal and no additional multiplier unknown is 
required. The skew-symmetric Nitsche variant adopted in the paper can be written as​
 

 

Therefore, the final SBM contact formulation is obtained by combining the shifted description of 
the contact kinematics with a Nitsche treatment of the contact traction, leading to an immersed 
formulation that avoids cut-cell integration while preserving robustness and consistency.  

2.1​ Numerical Results 
To test the developed formulation we test it with a well-known benchmark,  in which a half-disk 
comes into contact with a rigid horizontal wall (Signorini’s problem). This test simulates 
Hertzian-type contact and is widely adopted in the literature [48]. 

The geometry is depicted in Fig. 7 with R = 8 mm. Two traction boundary conditions of type  
 are considered, with  = 0.1 GPa and 0.3 GPa, respectively. Note that only half 𝑡

𝑛
=  (0,  − 𝑝

𝑁
)

of the geometry (the light gray region in Fig. 7) is modeled, due to symmetry. Young’s modulus 
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is E = 200 GPa and Poisson’s ratio is . The analytical contact pressure  on  is ν =  0. 3
described by the classical Hertzian solution: 

 

where  denotes the width of the contact zone. 

 

Figure 7. Two-dimensional Hertzian contact problem with circular boundary: geometry and 
setup.​
 

The body-fitted and SBM simulation are performed over six computational grids each, described 
in Table 1.​
​

The Hertz disk-wall benchmark shows that the primal SBM formulation is able to reproduce the 
body-fitted solution with very good accuracy. As observed in the displacement and von Mises 
stress contours, the numerical fields obtained with the two approaches are nearly 
indistinguishable, indicating that the shifted treatment of the contact boundary does not 
introduce visible distortions in either the global deformation pattern or the stress distribution (see 
Figure 8). 

A similarly good agreement is observed in the contact pressure distribution along the contact 
boundary. The primal SBM results recover the classical Hertzian profile and converge to the 
analytical solution under mesh refinement, with an accuracy comparable to the body-fitted 
formulation. On the finest grids, the error in the maximum contact pressure remains below 1% 
for all formulations considered; more specifically, the body-fitted solution shows a slight 
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overestimation, whereas the primal SBM produces a slight underestimation. Overall, these 
results show that the SBM formulation provides an accurate and robust immersed treatment of 
Hertzian contact, while retaining the main features of the body-fitted reference solution.   

Figure 8. Two-dimensional Hertzian contact problem with circular boundary  = 0.3 GPa: 𝑝
𝑁

displacement components (x and  y) and the von Mises stress with the body-fitted and SBM 
formulation.​
​
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Figure 9. Two-dimensional Hertzian contact problem with circular boundary (for  = 0.1 GPa 𝑝
𝑁

and  = 0.3 GPa): contact pressure along the boundary  .​𝑝
𝑁

 

The formulation was also extended to two-body problems and in three dimensions.  
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3.​ The Gap Shifted Boundary Method in IGA 
This work [49] introduces a high-order isogeometric extension of the Gap–Shifted Boundary 
Method for linear elasticity, aimed at overcoming some of the main limitations of standard 
immersed high-order approaches. The key idea is to explicitly account for the gap between the 
surrogate and true boundaries by extending the spline approximation into the gap region 
through high-order Taylor expansions and by reconstructing its contribution with curvilinear gap 
elements. In this way, the method avoids cut-cell integration, preserves favorable conditioning, 
and restores accurate imposition of Neumann boundary conditions without adding extra degrees 
of freedom. Numerical results show optimal convergence for both Dirichlet and Neumann 
conditions, limited sensitivity to the surrogate boundary position, and good robustness even for 
geometries with features much smaller than the background mesh size. 

The key idea of the Gap–SBM is to explicitly account for the geometric gap between the 
surrogate and true boundaries, instead of neglecting it as in the classical SBM. This is achieved 
by extending the active B-spline approximation into the gap region through high-order Taylor 
expansions and by reconstructing the contribution of the gap through curvilinear gap elements, 
built in a way that is geometrically consistent with the polynomial degree of the discretization 
(see figures 10 and 11). Since these gap elements are introduced only for integration purposes, 
no additional degrees of freedom are added to the problem. 

 

Figure 10. Left: Main geometric entities of two adjacent gap elements. Right: Quadrature points 
on the interfaces of the gap elements and their projection from the corresponding surrogate 
reference point. The arrows indicate the direction of the Taylor expansion used to extend the 
basis functions to the interface quadrature points. 
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Figure 11. Left: Extension of basis functions used for integration over the interior of the gap 
element. Right: Extension of basis functions used for the integration of boundary condition terms 
on the approximated boundary. Arrows indicate the direction of the Taylor expansion used to 
evaluate the basis functions at interior and boundary quadrature points.​
​
From a geometric point of view, the method starts from an internal surrogate domain, obtained 
by activating only the background elements fully contained inside the physical domain. This 
choice defines an external gap region between the surrogate boundary and the true boundary. 
For each edge of the surrogate boundary, the corresponding points on the true boundary are 
identified by closest-point projection, and the strip enclosed between the surrogate edge and its 
image on the true geometry is interpreted as a gap element. The collection of these gap 
elements provides a geometrically consistent approximation of the missing portion of the 
physical domain. A schematic representation of this workflow is shown in Figure 12, which 
illustrates the successive construction of the surrogate boundary, gap elements, and quadrature 
points.  

A central ingredient of the formulation is the extension of the active spline approximation into the 
gap region. For each quadrature point inside a gap element, the corresponding point on the 
surrogate boundary is identified, and the discrete basis functions are extended by means of a 
high-order Taylor expansion. In contrast to the standard directional shift used in the classical 
SBM, the present formulation adopts an enhanced shift operator that retains the relevant mixed 
derivatives of the spline basis. This is particularly important in tensor-product spline spaces, 
where mixed terms cannot in general be neglected without losing consistency. The same 
extension is applied not only to the solution field, but also to its gradients, which is essential for 
the accurate reconstruction of Neumann fluxes. Since the extension acts only on the existing 
surrogate basis functions, no additional degrees of freedom are introduced, and the size of the 
algebraic system remains unchanged. The enhanced operator is defined as:​
 

where 

 𝑑 =  (𝑑
𝑥
,  𝑑

𝑦
),  𝐷

(α
𝑥
, α

𝑦
)

=  ∂
α

𝑥

𝑥
∂

α
𝑦

𝑦

denotes the standard multi-index 
power.  
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Figure 12.  Visualization of the Gap-SBM for B-splines of order p = 1.​
​
The numerical integration over the gap region is performed through curvilinear gap elements 
constructed by means of Coons patch parametrizations. The coons patch mapping  is defined 𝐹
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as​

 

where  are the lower, upper, left, and right boundary curves 𝐵
0
(ξ),  𝐵

1
(ξ),  𝐿

0
(η),  𝐿

1
(η)

respectively, with . By construction the mapping interpolates exactly the four ξ,  η ∈ [0, 1]
boundary curves as well as the corner points of the quadrilateral.​
​
This choice is particularly natural because each gap element is bounded by three straight edges 
and one curved edge lying on the true boundary. The Coons construction provides a smooth 
transfinite interpolation of the element interior and allows standard Gaussian quadrature rules to 
be used on a reference domain. In practice, the true boundary is approximated locally by a 
polynomial curve of degree consistent with the spline discretization, so that the geometry of the 
gap elements remains compatible with the approximation order of the method. Figure 13 is 
useful here to show how the curvilinear parametrization evolves with the polynomial order.  

 

Figure 13.  Coons patch parametrization and quadrature points for gap elements of increasing 
polynomial order. 

 

Another important aspect of the method is that the treatment of the gap region and the 
treatment of the boundary conditions are conceptually separated. Once the computational 
domain has been reconstructed through the gap elements, boundary data can be imposed in 
different ways on the approximated boundary. In addition to direct imposition, the work 
investigates interpolation-based transfer from the true boundary and an SBM-type extrapolation 
from the reconstructed boundary to the exact one (see Figure 14). This separation is useful 
because it makes it possible to distinguish the effect of geometric approximation from the effect 
of boundary-data transfer, and therefore to understand more clearly where the remaining error 
comes from when the geometry is only approximated. 
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Figure 14.  : Imposition of Dirichlet boundary conditions when the computational boundary does 
not coincide with the true boundary. From left to right: direct enforcement of the prescribed data 
on the approximated boundary; enforcement through interpolation of the boundary data 
sampled on the true boundary Γ; enforcement via the classical Shifted Boundary Method, in 
which the prescribed boundary data are transferred from Γ to the approximated boundary 
through the shift operator. 
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3.1​ Numerical Results 

 
The performance of the proposed Gap–SBM has been assessed through a set of numerical 
experiments designed to evaluate its accuracy, robustness, and computational properties. 
Particular attention has been devoted to three aspects that are especially relevant for the 
present work: the treatment of boundary conditions on curvilinear embedded geometries, the 
additional computational cost introduced by the gap reconstruction, and the conditioning of the 
resulting linear systems. Together, these tests provide a synthetic but representative picture of 
the method: on the one hand, they show that the Gap–SBM restores the accuracy lost by the 
classical SBM in the presence of Neumann boundary conditions; on the other hand, they 
confirm that this improvement is achieved without compromising the favorable numerical 
properties that make shifted-boundary approaches attractive in immersed settings. 

The first relevant test is the curvilinear embedded benchmark defined by two concentric circles 
immersed in a square background domain, with Dirichlet conditions prescribed on the inner 
boundary and Neumann conditions on the outer one (Figure 12). This example is particularly 
useful because the geometry is not exactly represented by the computational domain, so that 
the results directly reflect both the quality of the gap reconstruction and the effect of the 
boundary-condition treatment. In this setting, the comparison between direct imposition, 
interpolation-based transfer, and SBM extrapolation shows that all Gap–SBM variants recover 
the expected asymptotic convergence rates and lead to a substantial improvement in both 
accuracy and robustness with respect to the classical SBM. 

More specifically, the results in Figure 15 show that the influence of the boundary-data 
treatment depends on the polynomial degree. For linear discretizations, direct imposition 
already preserves the correct convergence rates, but interpolated boundary conditions and SBM 
extrapolation provide a visible gain in accuracy, with almost indistinguishable performance. For 
quadratic discretizations, the geometric approximation improves so rapidly that the differences 
between the three approaches become almost negligible. For cubic discretizations, the role of 
the boundary treatment becomes relevant again: while direct imposition remains asymptotically 
optimal, both interpolation and especially SBM extrapolation improve the solution accuracy at 
finer resolutions. In this sense, the benchmark highlights an important practical point: once the 
gap region is accurately reconstructed, the way boundary data are transferred to the 
approximated boundary can become the dominant factor controlling the final error. 
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Figure 15.  :Step-by-step convergence study for the concentric-circles benchmark with Dirichlet 
boundary conditions on the inner circle and Neumann boundary conditions on the outer circle 
(see Fig. 12). Panels (a)–(c) report the relative solution errors in the L 2 , H 1 , and L inf norms 
for different boundary-condition treatments. Panel (d) reports geometric error indicators of the 
surrogate domain. 

The computational-cost analysis confirms that the improved accuracy of the Gap–SBM is 
obtained with a limited and well-controlled overhead. The timings are split into preprocessing, 
assembly, and solver stages (see Figure 16). The results show that the assembly cost grows 
approximately linearly with the number of degrees of freedom, whereas the linear solver cost 
grows superlinearly and rapidly becomes the dominant contribution under mesh refinement. By 
contrast, the additional overhead associated with the Gap–SBM construction follows a much 
milder growth, consistent with the theoretical estimate based on the number of cut surrogate 
edges. In practice, this means that the extra geometric work required to build and integrate the 
gap region does not become the dominant part of the simulation as the mesh is refined. 

An important practical implication of these results is that the extra cost introduced by the 
Gap–SBM remains asymptotically of lower order than the cost of solving the linear system. 
Therefore, although the method requires a more elaborate preprocessing stage than the 
classical SBM, this additional effort is offset by the fact that the dominant computational burden 
still lies in the solver, exactly as in standard discretizations. It is also worth noting that, for very 
coarse linear meshes, the preprocessing stage may appear comparatively large; however, this 
should be interpreted with care, since both the surrogate-boundary construction and the 
generation of the gap elements follow a naturally parallelizable workflow. Overall, the timing 
results indicate that the method achieves a favorable balance between improved accuracy and 
computational overhead. 

 Technical Report   ​ ​ Page 22 of 30 
​  



 
 
 
 

 

 

Figure 16.  :Computational cost analysis for the circular benchmark problem. The reported 
times are averaged over 20 repeated simulations. 
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The condition-number analysis addresses one of the main motivations behind the Gap–SBM 
formulation, namely the preservation of robust linear-system behavior in an immersed 
high-order setting. The comparison with unstabilized cut-integration approaches is particularly 
informative. In the reported tests, the IBRA formulation without ghost-penalty stabilization 
exhibits the typical exponential growth of the condition number, together with large oscillations 
and extreme peaks. By contrast, both the classical SBM and the Gap–SBM display the 
expected algebraic growth proportional to , confirming that the small cut-cell instability is ℎ−2

avoided. Most importantly, the Gap–SBM shows an even smoother and more regular behavior 
than the classical SBM, with significantly reduced oscillations under mesh refinement. 

This result is especially relevant because it shows that integrating over the geometric gap does 
not destroy the favorable conditioning mechanism inherited from SBM formulations. Even 
though the Gap–SBM introduces additional coupling terms through the gap contributions, no 
extra degrees of freedom are added, and all quantities are projected onto the already active 
basis functions. As a consequence, the stiffness matrix retains the conditioning properties 
expected from standard isogeometric discretizations. In practical terms, this makes the method 
much more attractive than cut-integration approaches for large-scale computations, since it 
supports the use of fast iterative solvers without requiring the additional stabilization machinery 
typically needed in unfitted methods based on trimmed cells. 
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Figure 17.  :Condition number as a function of the mesh size for the circular geometry shown in 
Fig. 12 

4.​ Extra: THE GAP-SBM FOR MULTIPATCH 
COUPLING 
The technology described above has also proven particularly useful for flexible multipatch 
coupling in the context of IGA. The reader is referred to [50] for the complete derivation. In the 
present report, however, we only emphasize the main benefit that this development may bring to 
immersed contact analysis, namely the possibility of introducing local refinement, either in hhh 
or in ppp, in the vicinity of immersed boundaries while preserving a consistent global 
discretization. This is especially relevant for future contact applications, where higher resolution 
may be required only in localized regions close to the contact interface. An example is shown in 
Figure 18, where two local patches are introduced to isolate the immersed boundary from the 
rest of the domain in a Poisson problem with Neumann boundary conditions on the internal 
boundary, imposed through the classical SBM. The comparison illustrates how such a 
multipatch setting can be used to improve the local accuracy in a simple and flexible way. 
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Figure 18.  :Comparison of error distributions for an embedded Neumann boundary (pointwise 
absolute error). The black solid line represents the surrogate Neumann boundary. The blue line 
shows the outer patch’s surrogate inner boundary, and the green line shows the refined patch’s 
surrogate outer boundary (which coincides with the coupling interface). (a) Single-patch 
configuration using the classical SBM. (b) Two-patch configuration with similar mesh sizes. (c) 
Two-patch configuration with local ℎ-refinement around the Neumann boundary (inner patch 
mesh size reduced by a factor of 4). (d) Two-patch configuration with local 𝑝-refinement on the 
inner patch (cubic polynomial degree in inner patch, vs. quadratic in outer patch). (For 
interpretation of the references to colour in this figure legend, the reader is referred to the web 
version of this article.) 

 

 

5.​ CONCLUSIONS AND OUTLOOK​ ​  
This report presented the current state of the PhD project on immersed and high-order 
computational mechanics based on the Shifted Boundary Method (SBM) and Isogeometric 
Analysis (IGA). Starting from the initial integration of SBM within IGA, the work has 
progressively evolved from a proof of concept for immersed high-order analysis toward a 
broader framework aimed at combining geometric flexibility, accurate boundary treatment, and 
robust numerical performance for structural and contact mechanics applications. 

A first important outcome is the validation of the SBM in the IGA setting, where the method has 
been shown to preserve the main advantages of immersed formulations while retaining the 
accuracy and smooth approximation properties typical of spline-based discretizations. In 
particular, the previous results confirmed that the classical SBM can effectively handle complex 
geometries with reduced preprocessing effort, although its treatment of Neumann boundary 
conditions remains one of its main limitations. 

A second outcome, developed in collaboration with Kangan Li and Guglielmo Scovazzi, is the 
extension of the SBM to frictionless immersed contact in linear elasticity. The results 
summarized in this report show that contact conditions can be consistently imposed on 
surrogate contact surfaces, avoiding cut-cell integration and maintaining robustness even in 
complex and non-watertight geometries. At present, however, this contribution has been 
achieved in the FEM setting and should therefore be regarded as an important intermediate 
step toward the final objective of high-order immersed contact in IGA. 

The central methodological contribution of the current stage of the project is the development of 
the high-order isogeometric Gap–SBM. By explicitly reconstructing the geometric strip between 
the surrogate and true boundaries through high-order Taylor extensions and curvilinear gap 
elements, the method overcomes the main accuracy limitation of the classical SBM for 
Neumann boundary conditions. The numerical results show that the Gap–SBM restores optimal 
convergence, remains only weakly sensitive to the surrogate-boundary position, introduces a 
limited computational overhead, and preserves the favorable conditioning properties that make 
shifted-boundary approaches attractive in immersed settings. 

A further relevant development is the multipatch coupling strategy derived from the Gap–SBM 
framework. Although this should be regarded mainly as a supporting tool in the context of the 
present project, it is particularly promising because it enables robust coupling between 
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nonconforming patches and provides a flexible mechanism for local h- and p-refinement near 
immersed boundaries. This capability is expected to play an important role in the next phase of 
the research, especially for the comparison between classical SBM and Gap–SBM in immersed 
contact and for future extensions toward nonlinear constitutive behavior. 

Overall, the results collected in this report show a clear evolution of the project toward a unified 
framework in which immersed contact, accurate Neumann treatment, and local refinement 
strategies can be progressively combined. The next steps will therefore focus on extending 
immersed contact to the high-order isogeometric setting, comparing classical SBM and 
Gap–SBM formulations in contact problems, and investigating the same methodologies in the 
presence of nonlinear materials and plasticity, with the long-term aim of addressing contact 
problems involving more complex physical behaviors. 
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