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Executive summary  

This report presents the advancements achieved in the GECKO project within the framework of 

Horizon 2020, with a focus on the development and application of IGA for contact mechanics.  

Building upon the previously developed IGA framework, the present work focused on the 

implementation and validation of a penalty-based contact formulation for 2D and 3D applications, 

including Hertzian cylinder contact benchmark cases. 

Subsequently, the developed framework was applied to gear contact analysis, extending from 2D 

gear models to 3D spur gear simulations. The numerical results showed very good agreement 

with analytical Hertzian solutions, demonstrating the accuracy and robustness of the proposed 

IGA-based contact methodology. 
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Introduction 

This document presents the research progress achieved within the GECKO Project on the 

development and application of IGA for contact mechanics problems, with emphasis on Hertzian 

and gear contact analysis. 

The structure of this deliverable is organized as follows. Section 1 presents the numerical 

validation studies, including 2D and 3D Hertzian contact benchmark cases. Section 2 introduces 

the application of the developed framework to 2D and 3D spur gear contact analysis. Finally, the 

main conclusions and future outlook are summarized in Section 3. 

As discussed by Lu [1], the two-pass algorithm improves the stability and accuracy of contact 

pressure computations by performing independent contact evaluations on each surface and 

averaging the resulting stiffness matrices and residuals. This approach effectively eliminates 

geometric bias and ensures more reliable contact stress distributions. Based on the accuracy 

investigations reported in [2] and [3], cubic IGA basis functions were adopted for the description 

of the gear involute geometry, while quadratic basis functions were employed in the remaining 

directions. The analytical solution is calculated according to Hertzian theory and ISO 6336-2 [4]. 

Both 2D and 3D concentrated contact and gear contact models (E = 208×103 N/mm2, 𝜈 = 0.28) 

are simulated and validated against analytical Hertzian solution. The 2D contact problem is 

formulated under the plane strain assumption. 

1 Concentrated Contact Validation 

1.1. 2D Hertzian Contact 

In the 2D configuration (Fig. 1a), contact between two cylinders with diameters of 10 mm and 20 

mm respectively, is analyzed in the xy-plane. A compressive normal load of 100 N is applied to 

establish contact. Rigid body motion is prevented by constraining the displacement in the x-

direction along the left boundary. 

Fig. 1b illustrates the globally refined mesh used in the analysis, whereas Fig. 1c shows the locally 

refined mesh concentrated in the anticipated contact region. The minimum element size in the x-

direction within the refined zone is approximately 0.01 mm and 0.03 mm, respectively.  
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(a) 2D cylinder contact 
model. 

(b) Global mesh. (c) Local mesh refinement. 

Figure 1: Geometry and mesh discretization of the 2D Hertzian cylinder contact 

problem. 

The penalty parameter 𝜀𝑛 is set as 120 ∗ 𝐸. The resulting contact pressure distribution agrees 

closely with the analytical Hertzian solution (Fig. 2(b)). 

 
 

(a) Penalty parameter sensitivity. (b) Contact pressure distribution. 

Figure 2: Contact response of the 2D Hertzian cylinder problem. 

1.2. 3D Hertzian Cylinder Contact 

The 3D cylinder model is generated by extruding the 2D geometry in Fig. 1a along the z-axis to a 

length of 10 mm. A uniform compressive line load 10 N/mm is applied. Rigid body motion is 

suppressed by constraining the left boundary in the x- and z- directions. The 3D cylinder is 

discretized with 16 elements along the axial (z) direction, resulting in an average mesh size of 

0.625 mm, to accurately resolve the contact behavior across the finite width. 

Fig. 3a and Fig. 3b illustrate the distributions of the maximum contact pressure and the normal 

contact force along the width direction, respectively. The contact pressure and the contact force 

remain nearly constant in the inner region and decreases toward the boundaries, indicating the 

presence of finite-length effects. 

 
 

(a) Contact pressure distribution along the 
face width. 

(b) Contact force distribution along the face 
width. 
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Figure 3: Contact response of the 3D Hertzian cylinder problem along the face-width 

direction. 

Fig. 4a presents the contact pressure profile along the contact coordinate x at the mid-plane z = 

L/2. Since the mid-plane is least affected by finite-length effects, the numerical results closely 

follow the analytical Hertzian solution, indicating an accurate resolution of the local contact 

behavior. Fig. 4b shows the contact pressure evaluated at all Gauss integration points on the 

cylindrical contact surface. The numerical points form a family of Hertz-like pressure profiles, with 

small variations in the peak pressure along the width direction due to finite-length effects. The 

maximum pressure fluctuates slightly around the theoretical Hertzian value, which is consistent 

with the trend observed in Fig. 3a. 

  
(a) Contact pressure distribution at the mid-

plane 
(b) Contact pressure distribution at all in-

contact Gauss integration points. 

Figure 4: Contact pressure distribution on 3D cylinder. 

2 2D Gear Contact Analysis 

A 2D spur gear pair with exact involute profiles is considered for the contact analysis on the 

transverse plane (x–y plane). The key operating parameters at the contact position are 

summarized in Table 1. Here, 𝑑𝑤 is the working pitch diameter. ρ denote the radii of curvature at 

the contact point which will be used in the Hertzian approximation. 𝐹𝑛 is the normal contact force 

along the line of action. For the ideal 2D Hertzian contact, the maximum contact pressure σ𝐻0 

and the half-width of the contact zone 𝑏0/2 can be derived analytically and they are used as 

reference solutions. The Hertzian reference values reported in Table 1 are computed assuming 

a face width of 10 mm. In contrast, the 2D gear contact model is formulated under plane strain 

conditions with a unit thickness of 1 mm. Therefore, to ensure consistency with the Hertzian 

solution, the applied torque in the simulation is scaled down by a factor of 10. The following 

material elastic properties are set E = 208×103 N/mm2, 𝜈 = 0.28. 

Fig. 5a illustrates the NURBS discretization of the 2D gear pair. The pinion and gear are 

positioned in the lower right and upper-left regions of the domain, respectively. Candidate contact 

boundaries are explicitly defined on both bodies, and a driving torque is applied along the lower 

boundary of the pinion. Displacement constraints are imposed on the gear body to eliminate rigid 

body motion, the bottom boundary is fixed in both x- and y-directions. Strong local refinement is 

introduced near the potential contact interface to capture high pressure gradients, with a minimum 

element size of ℎ𝑚𝑖𝑛 = 0.0057 mm. 
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Table 1: Geometric and Contact Parameters at the Contact Point of the 2D Gear Pair 

 

To represent the contact pressure distribution along the interface, a curvilinear abscissa is 

constructed from the spatial coordinates of the contact Gauss points. The incremental arc length 

on the pinion side is defined as 

 Δ𝑠𝑖 = ||𝑥𝑖+1 − 𝑥𝑖|| (1) 

where 𝑋𝑖denotes the i-th Gauss point. The cumulative coordinate is given by 

 

𝑠𝑖 =∑ Δ𝑠𝑘

𝑖

𝑘=1

 
(2) 

For symmetry in visualization, the abscissa is centered as 

 𝑠𝑖
𝑐 = 𝑠𝑖 − (𝑠𝑚𝑖𝑛 + 𝑠𝑚𝑎𝑥)/2 (3) 

where 𝑠𝑖
𝑐denotes the centered coordinate. 

 

 

(a) NURBS mesh and local refinement near 
the contact interface. 

(b) Contact pressure distribution of the 2D 
gear pair. 

Figure 5: 2D gear contact model and its contact pressure distribution. 
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The contact pressure distribution as a function of the centered abscissa 𝑠𝑐 is shown in Fig. 5b. 

The solution exhibits the characteristic Hertzian profile, with a symmetric distribution and a 

maximum at the center of the contact region. The maximum contact pressure is 297.28 N/mm2, 

and the contact half-width is 0.015 mm. 

Fig. 6 presents the stress distribution of the 2D gear pair, including both the global and local views. 

In the global stress field (Fig. 6a), the stress is predominantly low over most of the domain, with 

a clear concentration emerging at the contact region. This indicates that the load transfer is highly 

localized, as expected in gear contact problems. The local stress field (Fig. 6b) provides a detailed 

view of the contact zone, where a pronounced stress concentration is observed at the contact 

interface. The stress distribution exhibits a smooth gradient away from the contact region, 

reflecting the continuous nature of the NURBS-based discretization. 

 

 

(a) Global stress field. (b) Local stress field. 

Figure 6: 2D gear stress distribution. 

Fig. 7 illustrates the strong dependence of the penalty-based IGA contact formulation on the 

penalty parameter. Increasing the penalty factor reduces the normal penetration, indicating a 

stiffer contact interface. Nevertheless, excessively large penalty values lead to artificial over-

stiffening and an unrealistic increase in the computed contact pressure. Hence, an appropriate 

penalty parameter should balance penetration control and contact-pressure accuracy. An 

intermediate range of α in [20, 40] is therefore recommended in this case, providing a good 

balance between accuracy and numerical stability. Accordingly, α = 30 is adopted in the present 

2D study. 
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Figure 7: Effect of the penalty scaling factor on the contact response. 

3 3D Spur Gear Contact Analysis 

The validated 2D involute tooth profiles were extruded along the axial (z) direction to generate 

the corresponding three-dimensional spur gear pair. This extrusion procedure preserves the exact 

involute geometry in the transverse plane while introducing a finite face width, thereby enabling 

the investigation of load distribution and contact stress variation along the tooth width. Both the 

pinion and the gear were discretized using NURBS-based Isogeometric solid elements, ensuring 

geometric exactness and high-order continuity across the contact interface. The penalty factor is 

chosen as 50 ∗ 𝐸 for the single-pair tooth contact. However, the two-pass integration method fails 

to achieve convergence in the 3D spur gear contact analysis. Therefore, the one-pass method is 

adopted. 

The driving torque is transformed into circumferential force, and applied to pinion. Two 

representative torque transmission scenarios were considered, Fig. 8a. In the first case, the input 

driving torque was assumed to be uniformly distributed along the face width. The loading condition 

represents the ideal Power transmission. In the second case, a non-uniform loading condition 

was prescribed in which the transmitted torque decreases linearly along the face width direction. 

This assumption is motivated by practical transmission systems, where the driving power is 

typically introduced at one end of the gear shaft. As a result, the load transfer along the shaft is 

not uniform, and a progressive reduction of torque occurs toward the free end of the face width. 

The resulting normal contact force distributions along the face width are shown in Fig. 8b. For the 

uniform case, the contact force remains nearly constant, indicating homogeneous load transfer. 

In contrast, the linear torque case produces a proportional variation in contact force, directly 

following the imposed load gradient. 

 
 

(a) Torque distribution. 
(b) Contact force distribution along face 

width. 

Figure 8: Torque and contact force on 3D spur gear. 

Under uniform torque, both the stress field (Fig. 9a) and contact pressure (Fig. 10a) exhibit a 

nearly uniform distribution along the face width, indicating balanced load sharing. Under the 

linearly decreasing torque, a pronounced axial gradient is observed. The stress (Fig. 9b) and 

contact pressure (Fig. 10b) both decrease progressively away from the driving side, consistent 

with the prescribed load distribution. These results demonstrate that the proposed framework 

accurately captures load redistribution effects induced by non-uniform torque transmission. 
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(a) Uniform stress distribution. 
(b) Un-uniform stress distribution along face 

width. 

Figure 9: Stress distribution of pinion along the face width. 

 

  
(a) Contact pressure distribution under 

uniform driving force. 
(b) Contact pressure distribution under un-

uniform driving force. 

Figure 10: Contact pressure distribution of pinion along the face width. 

4 CONCLUSIONS 

This report presented the development and validation of a penalty-based IGA framework for 

contact mechanics applications, with emphasis on gear contact analysis. The methodology was 

systematically verified through 2D and 3D Hertzian contact benchmark problems and 

subsequently extended to spur gear contact simulations. 

The obtained numerical results showed very good agreement with analytical Hertzian solutions 

and theoretical predictions, confirming the accuracy and robustness of the proposed contact 

formulation. In addition, the developed framework successfully captured stress distributions, 

contact pressure variations, and load redistribution effects under different torque transmission 

conditions. 
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The presented work establishes a solid foundation for future extensions toward more advanced 

gear contact problems, particularly the analysis of helical gear systems and more realistic 3D 

contact conditions. 
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