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The thesis is organized around three publications that build one

coherent cut-cell-free story.

® Publication I: SBM-IGA for Poisson (2D/3D)

Dirichlet penalty-free
Neumann limitations
Condition number analysis
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The thesis is organized around three publications that build one

coherent cut-cell-free story.

® Publication lll: Gap-SBM for nonconforming
multipatch coupling

Penalty-free Gap-SBM coupling
Comparison vs. Body-fitted coupling
Allows local h- or p- refinement
Condition number analysis
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Introduction: FEM and IGA

* Instandard FEM, geometry and solution
approximation are built with different
representations

FEM nn: 75, ne: 32 FEM nn: 196, ne: 108 FEM nn: 405, ne: 256

FEM nn: 1183, ne: 864 FEM nn: 4851, ne: 4000

IGA vs. FEM. Image taken from [1]

[1]W. Fukuda. 3D-IGA Mesh vs. 3D-FEM Mesh. 2025.
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Introduction: FEM and IGA

* Instandard FEM, geometry and solution
approximation are built with different
representations

FEM nn: 75, ne: 32 FEM nn: 196, ne: 108 FEM nn: 405, ne: 256

* InIGA, the same spline basis functions are
used CAD geometry and analysis = exact
geometry representation at the analysis level

FEM nn: 1183, ne: 864 FEM nn: 4851, ne: 4000

IGA vs. FEM. Image taken from [1]

IGA nn: 48, ne: 4

[1]W. Fukuda. 3D-IGA Mesh vs. 3D-FEM Mesh. 2025.
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Introduction: FEM and IGA

* |nstandard FEM, geometry and solution
approximation are built with different
representations

FEM nn: 75, ne: 32 FEM nn: 196, ne: 108 FEM nn: 405, ne: 256

* InIGA, the same spline basis functions are
used CAD geometry and analysis = exact
geometry representation at the analysis level

¢ IGA prOVideS high-order and highly FEM nn: 1183, ne: 864 FEM nn: 4851, ne: 4000
continuous approximation spaces; IGA vs. FEM. Image taken from [1]
compared to FEM, IGA can achieve higher
accuracy per degree of freedom

IGA nn: 48, ne: 4

[1]W. Fukuda. 3D-IGA Mesh vs. 3D-FEM Mesh. 2025.

Universitat Politecnica de Catalunya Nicolo Antonelli 18/05/2026



Industrial CAD geometry makes analysis-suitable
parameterizations the main bottleneck for standard IGA

* CAD are mainly defined by Boundary
Representation (B-Rep) modelling (not body-
fitted)

Multipatch model. Image taken from [2]

[2] Realization of CAD-integrated shell simulation based on isogeometric B-Rep analysis. T. Teschemacher, A. M. Bauer, T. Oberbichler, M.
Breitenberger, R. Rossi, R. Wuchner and K.-U. Bletzinger, 2018.
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Industrial CAD geometry makes analysis-suitable
parameterizations the main bottleneck for standard IGA

* CAD are mainly defined by Boundary
Representation (B-Rep) modelling (not body-
fitted)

e Complex CAD models are inherently multipatch
and often non-watertight

Multipatch model. Image taken from [2]

[2] Realization of CAD-integrated shell simulation based on isogeometric B-Rep analysis. T. Teschemacher, A. M. Bauer, T. Oberbichler, M.
Breitenberger, R. Rossi, R. Wuchner and K.-U. Bletzinger, 2018.
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Industrial CAD geometry makes analysis-suitable
parameterizations the main bottleneck for standard IGA

 CAD are mainly defined by Boundary
Representation (B-Rep) modelling (not body-
fitted)

e Complex CAD models are inherently multipatch
and often non-watertight

As a result, constructing analysis-suitable
volumetric multipatch parametrizations requires
substantial human intervention and remains costly
and fragile

Parametrized multipatch model. Image taken from
LS-DYNA [3]

[3] Implicit Roof Crush LS-DYNA, https://lsdyna.ansys.com/implicit-roofcrush, 2026.
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Industrial CAD geometry makes analysis-suitable
parameterizations the main bottleneck for standard IGA

 CAD are mainly defined by Boundary
Representation (B-Rep) modelling (not body-
fitted)

e Complex CAD models are inherently multipatch
and often non-watertight

As a result, constructing analysis-suitable
volumetric multipatch parametrizations requires
substantial human intervention and remains costly
and fragile

Parametrized multipatch model. Image taken from

New family of embedded methods started to LS-DYNA [3]

appear: FCM, IBRA, QueSO,...

[3] Implicit Roof Crush LS-DYNA, https://lsdyna.ansys.com/implicit-roofcrush, 2026.
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From IGA to embedded IGA: a brief historical perspective

* To handle complex geometries, the field
evolved toward embedded IGA
formulations
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From IGA to embedded |IGA: a brief historical perspective

* Finite Cell Method (FCM) high-order R
analysis can be performed on = e
geometrically complex domains : ! ERRRERNE
A O k=0 k=1 k=2
Finite cell mesh
with geometric ] T 1]
boundary . e - ﬁﬂF’- Ll
I 3 — _+¢i+
A
. i HEH
» * I _:n.H
b maa
k=3 k=4 k=5

Finite Cell Method. Image taken from [4]

[4] Schillinger, Ruess, The Finite Cell Method: A Review in the Context of Higher-Order Structural Analysis of CAD and Image-Based Geometric
Models, 2014.
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From IGA to embedded IGA: a brief historical perspective

I Geometry space l

Vertices

Edges (direction is not considered)

CHE) Space curves

Trimming curves

\Y%

E

C

(&

S Surfaces

@ Trimmed domain

* Isogeometric B-Rep Analysis (IBRA)
pushed CAD-integrated analysis further

| Parameter space

by working directly with trimmed —
. o >(§)
geometries - e
' D
CG)(E)
é(l)(g) ZCQ)(E‘)

IBRA method. Image taken from [5]

[5] Philipp, Breitenberger, Wlchner, Bletzinger, Membrane structures with the Isogeometric B-Rep Analysis (IBRA), 2015.
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From IGA to embedded IGA: a brief historical perspective

Clip boundary

* Quadrature for Embedded Solids
(QueSO0) advanced CAD-integrated
embedded IGA for 3D solid analysis

QueSO method. Image taken from [6]

[6] MeBmer, Kollmannsberger, Wichner, Bletzinger, Robust numerical integration of embedded solids described in boundary representation, 2019.
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From IGA to embedded IGA: a brief historical perspective

e~ T
i R
k=0 k=1 k=2
Finite cell mesh
with geometric N L] V@
boundary [T SRR} HEE
. maom e ¢ , ;
| o S w > .
] EE2e g m = !
FCM 5 R . IBRA
=3 f=4 =5 g, , @

However, these methods still rely on unfitted / trimmed integration,
which may generate small cut-cell instabilities and ill-conditioning

Clip boundary
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The small cut-cell instability in CutFEM-like methods

®)
!
N

Some active basis functions
may have support onlyon a
very small cut portion of the
physical domain

Their contribution to the
discrete system becomes
extremely small, which leads
to severe ill-conditioning
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The small cut-cell instability in CutFEM-like methods

Some active basis functions
may have support onlyon a
very small cut portion of the
physical domain

Their contribution to the
discrete system becomes
extremely small, which leads
to severe ill-conditioning

support of N, (x,y)
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The small cut-cell instability in CutFEM-like methods

Some active basis functions
may have support onlyon a
very small cut portion of the
physical domain

active portion of N, (x,y)

Their contribution to the
discrete system becomes
extremely small, which leads
to severe ill-conditioning

support of N, (x,y)
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The small cut-cell instability in CutFEM-like methods

support of N.(x,y) @

Some active basis functions
may have support onlyon a
very small cut portion of the
physical domain

support of N, (x,y)

Their contribution to the
discrete system becomes /
extremely small, which leads Q

to severe ill-conditioning
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The small cut-cell instability in CutFEM-like methods

support of N.(x,y) active portion of N.(x, y) @

active portion of Ny, (x,y)

Some active basis functions
may have support onlyon a
very small cut portion of the
physical domain

support of N, (x,y)

~

Their contribution to the
discrete system becomes
extremely small, which leads
to severe ill-conditioning
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Small cut-cells drive ill-conditioning and solver degradation in
embedded IGA

Trimming / unfitted integration can  *T 7 7
create arbitrarily small cut L
contributions L
1
0 1 2

IBRA [5]

[5] Philipp, Breitenberger, Wlchner, Bletzinger, Membrane structures with the Isogeometric B-Rep Analysis (IBRA), 2015.
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Small cut-cells drive ill-conditioning and solver degradation in
embedded IGA

Trimming / unfitted integrationcan *T 7 T
create arbitrarily small cut L i)
contributions . .
As a result: B B R o o O O
« The condition number grows ) ] R EO ,h,.a' B e e
PO PO R PR B 2 PO P P D D P
unboundedly under refinement R
¢ Iterative SOlverS and o ol eole ele sle sls e 1 ele ele ele sle esle ele o
preconditioners become 0 Jeasic sie efe v ofe ol ole ol eis ole ofs ol eis .
unreliable ’ : ’
IBRA [5]

[5] Philipp, Breitenberger, Wiuchner, Bletzinger, Membrane structures with the Isogeometric B-Rep Analysis (IBRA), 2015.
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Small cut-cells drive ill-conditioning and solver degradation in

embedded IGA

Trimming / unfitted integration can
create arbitrarily small cut
contributions

As a result:

* The condition number grows
unboundedly under refinement

* |terative solvers and
preconditioners become
unreliable
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[5] Philipp, Breitenberger, Wiuchner, Bletzinger, Membrane structures with the Isogeometric B-Rep Analysis (IBRA), 2015.
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The Shifted Boundary Method

The SBM [7] avoids cut-cell integration by imposing boundary conditions on a surrogate
boundary

1. Replace the true boundary with
a surrogate boundary

2. Project surrogate points onto
the true boundary

3. Use a Taylor expansionto
transfer the boundary
conditions

4. Solve on a simple background
mesh with no cut-cell
quadrature SBM. Image taken from [7]

[7] Main, Scovazzi. The shifted boundary method for embedded domain computations. Parti: Poisson and stokes problems, 2018.
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High-order smooth spline bases make Taylor-based boundary
shifting particularly natural in IGA

Spline bases provide smooth
derivatives across elements

This makes higher-order SBM [8]
natural and consistent

Order elevation improves
accuracy without changing
geometry handling

SBM. Image taken from [7]

[7] Main, Scovazzi. The shifted boundary method for embedded domain computations. Parti: Poisson and stokes problems, 2018.
[8] Atallah, Canuto, Scovazzi, The high-order Shifted Boundary Method and its analysis, 2022.
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High-order smooth spline bases make Taylor-based boundary
shifting particularly natural in IGA

Spline bases provide smooth
derivatives across elements

This makes higher-order SBM [8]
natural and consistent

Order elevation improves
accuracy without changing
geometry handling

Goal: retain high-order rates
while keeping robust conditioning

SBM. Image taken from [7]

[7] Main, Scovazzi. The shifted boundary method for embedded domain computations. Parti: Poisson and stokes problems, 2018.
[8] Atallah, Canuto, Scovazzi, The high-order Shifted Boundary Method and its analysis, 2022.
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Publication I
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Publication I:
Establishes SBM-IGA as a penalty-free, cut-cell-free method for
Poisson problems in 2D and 3D.

* Model problem: Poisson equation (2D and 3D)

« SBM boundary conditions: Dirichlet and
Neumann type

 Boundary enforcement: penalty & penalty-free
using SBM

* Validation with convergence studies and
condition number analysis
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Surrogate boundary

Surrogate domain

True boundary

n : normal vector (surrogate boundary)

n: normalvector (true boundary)

d: closest-point projection
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The Taylor expansion along the closest-point projection

QcN

“Au=f inQ
u=up onl =0Q
. . . o i il d'u 4
Define the i-th order directional derivative Ddu = Z —' 0_“d
alongd: aeN'|a|=i a. ox
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QcN

The Taylor expansion along the closest-point projection

—Au=f 1InQ
u=up onl =0Q

: il d'u
Define the i-th order directional derivative Dfdu = Z _ da
a! 0x*
along d: aeN" |a|=i
.., ) - Dfdu(ic) . ~
The m-th order Taylor expansion of u ux) =u(x+dx)) = ulx)+ Z v + (R"(u, d)) (x)
betweenl'and I’ i=1 3

Nicolo Antonelli 18/05/2026
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The Taylor expansion along the closest-point projection

QcN

“Au=f inQ
u=up onl =0Q
: : : : I i i! d'u a
Define the i-th order directional derivative Ddu = Z ——d
a! 0x*
along d: acN" |a|=i
m Dilu(.'i')

The m-th order Taylor expansion of u ux)=ux+dx)) =ulx)+ Z + (R"(u,d)) (%)

between I and F

u(x)

The boundary shift operator Smu(x) = u(X) + Z
i=1
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The Taylor expansion along the closest-point projection

QcN

“Au=f inQ
u=up onl =0Q
: : : : I i i! d'u a
Define the j-th order directional derivative Ddu = Z — —d
a! 0x®
along d: aeN" |a|=i
m Dilu(.'i')
The m-th order Taylor expansion of u ux)=ux+dx)) =ulx)+ Z + (R"(u,d)) (%)
betweenl'and I’
u(x)
The boundary shift operator Smu(x) =u(X) + Z
On the surrogate boundary we have S?u —Up + Rm(u, d) =0 on Fh

Universitat Politecnica de Catalunya Nicolo Antonelli 18/05/2026



The Taylor expansion along the closest-point projection

QcN

~Au=f inQ
u=up onl =0Q
: : : : I i i! d'u a
Define the j-th order directional derivative Ddu = Z ——d
a! 0x®
along d: aeN" |a|=i
m Dilu(.'i')
The m-th order Taylor expansion of u ux)=ux+dx)) =ulx)+ Z + (R"(u,d)) (%)
betweenI and I’
u(x)
The boundary shift operator Smu(x) =u(X) + Z
On the surrogate boundary we have Sﬁu —Up + Rm(u, d) =0 on Fh
The remainder satisfies IR™(u, d)| = O(]|d||™*") as ld|| — O
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SBM weak formulations

“Au=f inQ

u=up onl =0Q

Nitsche penalty weak formulation:

. ~ a
az(uh, Uh) T (Vuh, VUh)Qh — (Vuh ‘N, Uh>fh — (S:?uh, Vl)h . n>fh + E(Uh, S;luh)fh

- a
Ih(vp) = (f, Uh)_(jh — (up, Vo - ")fh + E(%MD)fh
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SBM weak formulations

“Au=f inQ

u=up onl =0Q

Nitsche penalty weak formulation:

() = (f,0p)g, —

Up,

~

az(uh, Uh) T (Vuh, Vl)h)éh — (Vuh . ﬁ, Uh>fh — (S:?uh, Vl)h . ﬁ)fh + _(Uh, Sgluh

~ a
Vo, - ), + E(UhauD,

Universitat Politecnica de Catalunya

Dirichlet boundary
values

Nicoldo Antonelli

boundary shift operator
applied to the gradient
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SBM weak formulations

“Au=f inQ

u=up onl =0Q

Nitsche penalty weak formulation:

af(uh, Uh) = (Vuh, VUh)Qh — <Vb£h . ﬁ, Uh>fh — (S:i”uh, VUh : n>fh + —<Uh, S;nuh>fh

8 a ‘
l(vy) = (f.op)g, — up{ Vo, - ) f, + E(”ha”mfh

Nitsche penalty-free weak formulation:

af(uh, Uh) = (Vuh, VUh)Qh - (Vuh g ﬁ, Uh)f*h + <S;Inu ’ Vvh : ﬁ)fh

l(wy) = (f,vp)g, + {up{Vuy, - i) f,
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Dirichlet boundary conditions
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Neumann boundary conditions

* ForNeumann BCs, SBM-IGA preserves optimal gradient
accuracy but loses one order in the L?-norm

* Shifted flux approximation = H!-optimal, but L? rate drops
from O(hP*1) to O(hP)

* Neumann conditions are more delicate, since shifting
fluxes is harder than shifting values
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Neumann boundary conditions

* ForNeumann BCs, SBM-IGA preserves optimal gradient
accuracy but loses one order in the L?-norm

* Shifted flux approximation = H!-optimal, but L? rate drops
from O(hP*1) to O(hP)

* Neumann conditions are more delicate, since shifting
fluxes is harder than shifting values

Neumann weak formulation:

ay (un, vi) = (Vup, Vvp)g, — (Vup - i, vi)p, + ((SyVuy - m)ft - n,vp)r, ,

(i) = (fsvn)g, + (InRL- B, V),
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Neumann boundary conditions

* ForNeumann BCs, SBM-IGA preserves optimal gradient
accuracy but loses one order inthe L?-norm

* Shifted flux approximation = H!-optimal, but L? rate drops additional Nuemann
from O(hP*1) to O(hP) boundary terms

* Neumann conditions are more delicate, since shifting
fluxes is harder than shifting values

Neumann weak formulation:

a(uny vi) = (Vatn, Vi), — (Vi i, vy, +((Sy Ve - m)ii - m, i),

W) = (f,va)g, +Kindi - m, vy,
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Neumann boundary conditions

* ForNeumann BCs, SBM-IGA preserves optimal gradient
accuracy but loses one order in the L?-norm

* Shifted flux approximation = H!-optimal, but L? rate drops additional Nuemann
from O(hP*1) to O(hP) boundary terms

* Neumann conditions are more delicate, since shifting ,
fl is harder th hifti l boundary shift operator
uxes is harder than shifting values applied to the gradient

Neumann weak formulation:

ay (un,vi) = (Vup, Vvp)g, — (Vgi/ﬁ, vh)p, + (4SfVu;, R)IL - N, V),

W) = (f,va)g, +Kindi - m, vy,
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Neumann boundary conditions

* ForNeumann BCs, SBM-IGA preserves optimal gradient
accuracy but loses one order inthe L?-norm

point-wise error x10-6
2.00 1.05
* Shifted flux approximation = H!-optimal, but L? rate drops
from O(hP*1) to O(hP) s AR 0.90
. . . . . . 1'50 :
* Neumann conditions are more delicate, since shifting 0.75
fluxes is harder than shifting values 105
- 0.60
1.00
- 0.45
0.75
0.30
0.50
Point-wise error localized near the surrogate boundary
0.25 0.15
0.00 0.00

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
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Neumann boundary conditions

!
10-% 4
. . 0% 4
« H! optimalbehavior
e [? rate drops from O(hP*1) to O(hP)
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é é 1075
% % qu: Only SBM
= = Dirichlet BCs
s 1075 4 =
I |
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H'- convergence L%- convergence
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Neumann boundary conditions

1wt
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« H?! optimal behavior o
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Neumann boundary conditions

1wt
13
« H?! optimal behavior o
e [? rate drops from O(hP*1) to O(hP)
104 4
% % qu: Only SBM
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200 1.0 1?' ln‘_éq T—q
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SBM-IGA preserves favorable conditioning under refinement

l':l-zﬂ" lﬁin_,
1 < 103 4 e 2
* No cut-cell quadrature
1077 4 1077 4
 SBM-IGA avoids the small cut-
cellinstability E 10 4 E 10 4
- -
* SBM conditioning follows the 101 1012
expected h™2 trend p=1
1™ 5 107
* Possible to use of iterative
solvers . ot 4
1" ; 7 1"
102 1!
h
IBRA SBM
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SBM-IGA preserves favorable conditioning under refinement

l':l-zﬂ" lﬁin_,
1 < 103 4 e 2
* No cut-cell quadrature
1™ - 1™ -
. p=2
 SBM-IGA avoids the small cut-
cell instability E 10 4 . E 10 4
© A " ©
* SBM conditioning follows the 101 =S 101 4
expected h™? trend
1™ 5 107
* Possible to use of iterative
solvers . ot 4
e e
IBRA SBM
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SBM-IGA preserves favorable conditioning under refinement

lﬁ'in.. p=3 lﬁ-zﬂ"
1 < 103 4 e 2
* No cut-cell quadrature
1077 4 1077 4
 SBM-IGA avoids the small cut-
cell instability E 10 4 . H‘-.H E 10 4
© A " ©
* SBM conditioning follows the 101 - \ 101 4
expected h™? trend \
1™ 5 107
* Possible to use of iterative
solvers . ot 4
e e

IBRA
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SBM-IGA preserves favorable conditioning under refinement

l':l-ﬁ" lﬁin_,
m—zl - ].I:I-E'I i o h"2
* No cut-cell quadrature
1™ - 1™ -
 SBM-IGA avoids the small cut-
cell instability E 10 5 E 10 5
© ©
* SBM conditioning follows the 101 1012
expected h™? trend
10 4 1™ 15
* Possible to use of iterative
solvers ot ot
e e

IBRA
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SBM-IGA preserves favorable conditioning under refinement

l':l-ﬁ" lﬁin_,
m—zl - ].I:I-z'l i o h"2
* No cut-cell quadrature
1™ - 1™ -
 SBM-IGA avoids the small cut-
cell instability E 10% 4 E w4l p=5
& & r—_
e SBM conditioning follows the 1012 ] 107 |
expected h™? trend |
10° - P 4= ;
* Possible to use of iterative | Mt .
solvers ot ot
1" 1"

IBRA
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3D extension

10-2 5

SBM has a straightforward extension to robust
three-dimensional implementation 107 5
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3D extension

1072 5
SBM has a straightforward extension to robust
three-dimensional implementation i
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3D extension

1072 5

SBM has a straightforward extension to robust

three-dimensional implementation i
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Publication II
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Publication Il:

Extends SBM-IGA to incompressible Stokes flow and introduces @
VMS stabilization for equal-order velocity—pressure splines.

PDE: incompressible Stokes equations

Equal-order velocity/pressure discretization
(IGA-friendly but inf-sup unstable)

Variational Multiscale (VMS) [9] stabilization
ensures stability

4.485

Velocity Magnitude |v| at ¢ = 10.01s

041 3986

SBM handles embedded
boundaries without body-fitted
meshing

3.488
2.990
2492 %
1.993

1.495

0.00

0.997
0.00 L.25 2.50

0.498
[9] Codina. Stabilization of incompressibility and convection through orthogonal sub-scales in finite element methods. Comput. Methods o
Appl. Mech. Eng., 2000.
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Incompressible Stokes with VMS stabilization

PDE: incompressible —~V.-7(VPu)+Vp=f inQ
Stokes fluid .
e V:-u=0 1nQ
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Incompressible Stokes with VMS stabilization

PDE: incompressible ~V . t(Vu)+Vp=f inQ
Stokes fluid .
e V:-u=0 1nQ

T(Vsu) = zﬂvsu The viscous stress tensor

for a Newtonian fluid
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Incompressible Stokes with VMS stabilization

PDE: incompressible —~V.-7(VPu)+Vp=f inQ
Stokes fluid .
e V:-u=0 1nQ
Weak form / (—V - 7(V’u) + Vp — f) cv=0
Q

/(V-U)q=0
Q
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Incompressible Stokes with VMS stabilization

PDE: incompressible -V T(Vsu) +Vp=1f inQ @
Stokes fluid .
ores T V-u=0 1nQ
Weak form / (—V - 7(V’u) + Vp — f) cv=0
Q

/(V-U)q=0
Q

Integrating by parts /VSV : T(Vsu)—/PV'V— /(T(VSU) -m) - V+/P(V-n) =/ f-v
Q Q I I Q

/qV-u=O
Q
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Incompressible Stokes with VMS stabilization

PDE: incompressible -V T(Vsu) +Vp=1f inQ @
Stokes fluid .
ores T V-u=0 1nQ
Weak form / (—V - 7(V’u) + Vp — f) cv=0
Q

boundary terms
/ (V-u)g=0 / \
Q

Integrating by parts /VSV : T(Vsu)—/PV'V— /(T(VSU) -m) - V+/P(V-n) =/ f-v
Q Q I’ I’ Q

/qV-u=O
Q
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Incompressible Stokes with VMS stabilization

PDE: incompressible
Stokes fluid

Weak form

Integrating by parts

Universitat Politecnica de Catalunya

—V - 7(V°u)

+Vp=»~
V.-u=0

in Q
in Q

/(—V-T(Vsu)+Vp—f)-v=O
Q

/(V-U)q=0
Q

boundary terms

/\

/st:r(VSu)—/pV-v—
Q Q

/(T(Vsu) ‘n)-v
r

+

/p(v-n)
r

Nicoldo Antonelli

AN

symmetric ____

coupling terms
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Incompressible Stokes with VMS stabilization

PDE: incompressible -V.-r(Vu)+ Vp=f inQ @
Stokes fluid .
ores T V-u=0 1nQ
Weak form / (—V - 7(V’u) + Vp — f) cv=0
Q

boundary terms
/ (V-w)g=0
Q
forcing

Integrating by parts /VSV : T(Vsu)—/PV'V— /(T(VSU) -m) - V+/P(V-n) =/ f-v
Q Q I’ I’ Q

viscous term
\ symmetric ____ /;qu "U=

coupling terms
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Incompressible Stokes with VMS stabilization

/VSV:f(VSu)—/pV-v—/(r(VSu)-n)-v+/p(v-n)=/f-v @
Q Q r r Q

/qV-u=0

Q
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Incompressible Stokes with VMS stabilization

/VSV:f(VSu)—/pV-v—/(r(VSu)-n)-v+/p(v-n)=/f-v @
Q Q r r Q

/qV-u=0

Q

Introducing the subscales u=u,; +u;
P = Dp Tt Ds
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Incompressible Stokes with VMS stabilization

/VSV:f(VSu)—/pV-v—/(r(VSu)-n)-v+/p(v-n)=/f-v @
Q Q r r Q

/qV-u=0

Q

Introducing the subscales u=1u, + u; / (—V -7(Viu) + Vp — f) -v=0
P =pp+ Dy °

us = 7’-m7) ERm(uha ph))

ps:= Tcp(Rc(uhaph))
- / (V-uwg=0
Q
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Incompressible Stokes with VMS stabilization

/VSV:f(VSu)—/pV-v—/(r(VSu)-n)-v+/p(v-n)=/f-v @
Q Q r r Q

/ qV-u=0
Q
Introducing the subscales u=u,; +u;
P = pp + D Algebraic Sub-Grid Scale (ASGS)

U= 7’-m7)(l{m(uhaph)) — U= TmRm(uhaph)

ps=1 . PR . (uy,pp) — Pg= 7. R (ay, py)
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Incompressible Stokes with VMS stabilization

/VSV:r(VSu)—/pV-v—/(r(VSu)-n)-v+/p(v-n)=/f-v @
Q Q r r Q

/ qV-u=0
Q
Introducing the subscales u=u,; +u;
P = pp + D Algebraic Sub-Grid Scale (ASGS)

U= 7’-m7)(l{m(uhaph)) — U= TmRm(uhaph)

ps=1 . PR . (uy,pp) — Pg= 7. R (ay, py)

Substituting:

/st:T(Vsuh)—/(ph+ps)V-v—/(T(Vsuh)-n)-v+/p(v-n)=/f-v
Q Q r r Q

/qV-(uh+uS)=O
Q
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Incompressible Stokes with VMS stabilization

/VSV:r(VSu)—/pV-v—/(r(VSu)-n)-v+/p(v-n)=/f-v @
Q Q r r Q

/ qV-u=0
Q
Introducing the subscales u=u,; +u;
P = pp + D Algebraic Sub-Grid Scale (ASGS)

U= 7’-m7)(l{m(uhaph)) — U= TmRm(uhaph)

ps=1 . PR . (uy,pp) — Pg= 7. R (ay, py)

Substituting:

/S;VSV:T(IVZE)—/Qiph+pS)\V‘.V—/F(T(Vsuh).n)-v+'/rp(v.n)=/g;f.v

[
subscale not needed subscaleis needed < / qV - (u, + uS) =0
Q
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Incompressible Stokes with VMS stabilization

/VSV T(Vsllh)—/(ph +p)V-v —/(T(Vsuh) n) - v+/p(v n) = /f \ @

/qV-(uh+uS)=0
Q
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Incompressible Stokes with VMS stabilization

/VSV . T(Vsllh)—/(ph +p)V -v —/(T(Vsuh) n) - v+/p(v n) = /f \ @
Q Q

/qv (w, +u)) = 0
Q
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Incompressible Stokes with VMS stabilization

/VSV . T(Vsuh)—/(ph +p)V -v —/(T(Vsuh) n) - v+/p(v n) = /f \ @
Q Q

/ q V- (uh +u ) =0

Q

/ =0onTrl
Only one term needs additional care with gV -u, = — Vg -u, + gl -n
respect to low order FEM 0 § Q s r s
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Incompressible Stokes with VMS stabilization

/VSV . T(Vsuh)—/(ph +p)V -v —/(T(Vsuh) n) - v+/p(v n) =
Q Q

/qv (w, +u)) = 0
Q

/fv@

/ =0onr

Only one term needs additional care with / gV -u, = — / Vg -u, + / g, -n
Q Q I

respect to low order FEM

|

—Tm/ Vq -f—rm/ Vq - (V- 1(Vu,))
Q Q

+7:m/ Vg - Vp
Q
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Incompressible Stokes with VMS stabilization

Only one term needs additional care with

respect to low order FEM

Tm/ Vq - (V- 1(V°uy))
Q

+1:m/ Vg - Vp
Q
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Incompressible Stokes with VMS stabilization

Only one term needs additional care with @

respect to low order FEM
—Tm/ Vq °f—Tm/ Vg -(V-T(Vsuh))+1:m/ Vg - Vp
Q Q Q

 For p=1 this term vanishes - T 1T 1
F p g w . Nl(élanl) N2(§17”1) see Nnc (519’11) Cl XX Txx(gl’r’l)
 For p>1itis essential to preserve N, (o) Ny 1) N P(: ) o )
optimal convergence 1152- 12 21212 ep 22112 ol B
(NiGoyottn,)  Nolo o) oo Ny G tin ) [ Cnepoxx | [ x0T, )|
A local reconstruction of the stress
tensor is done using the B-Spline Z:_’fi (Cz . % + ¢, xy%)
discretization Vet aJ\J;,- aNy,.
20 ey T2 + €1y 2 )
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In smooth Newtonian regimes, VMS-stabilized SBM-IGA achieves
the expected high-order accuracy

h inh
Consider a smooth solution u= [—Cs[?iih(g)séﬂﬂ(ly(;)]

p = sin(x) cos(y)
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In smooth Newtonian regimes, VMS-stabilized SBM-IGA achieves
the expected high-order accuracy

Consider a smooth solution

Universitat Politecnica de Catalunya

cosh(x) sinh(y)
— sinh(x) cosh(y)

= sin(x) cos(y)

Nicoldo Antonelli

0.8 1

18/05/2026

Y

1S

18_ 8 41 ey
R g T

s

i <
i |
e *
i |
als_ sis.
e g
ol o oo
i i
e 20
3 I
i |
*le *le
i |
A 2l
e
s
i

e

s s s
;g

Te

1e_2_+
TR

<t
i

=X

1o

378

.
“

_ 4 sls_s_sls_ s
¥

s
T

3

I

37

o
-

o _sls_s_sls s sl

R

S

Problem geometry




In smooth Newtonian regimes, VMS-stabilized SBM-IGA achieves
the expected high-order accuracy

cosh(x) sinh(y)

Consider a smooth solution — sinh(x) cosh(y)

e e e

o

p = sin(x) cos(y) 05

Tt

s _s_sis s
Catat

i
o

The forcing turns out to be
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f(x,y) =

—2u cosh(x) sinh(y) + cos(x) cos

2u sinh(x) cos

Nicoldo Antonelli
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In smooth Newtonian regimes, VMS-stabilized SBM-IGA achieves

the expected high-order accuracy

Convergence study using a
manufactured solution

« SBM treatmentis high-
order accurate

* |GA achieves high-order
convergence
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In smooth Newtonian regimes, VMS-stabilized SBM-IGA achieves

the eXpeCted high'Order accuracy without stress reconstruction
(dashed lines)

_ g
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TR et 107 e
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In smooth Newtonian regimes, VMS-stabilized SBM-IGA achieves
the expected high-order accuracy

without stress reconstruction
(dashed lines)
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Viscoplastic Bingham flow introduces yield surfaces that reduce
solution regularity

Non-Newtonian fluids:

* Stress-strain relation is nonlinear
 Change of material properties
* Sharp transitions
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Viscoplastic Bingham flow introduces yield surfaces that reduce
solution regularity

Non-Newtonian fluids:

* Stress-strain relation is nonlinear
 Change of material properties
* Sharp transitions

, T, for|r| <7,
Bingham Model: 7= _
T, +uy for|t| > 1,
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Viscoplastic Bingham flow introduces yield surfaces that reduce
solution regularity

Non-Newtonian fluids:
e Stress—strain relation is nonlinear

 Change of material properties
* Sharp transitions

, T, for|r| <7,
Bingham Model: 7= _
T, +uy for|t| > 1,

Regularized Bingham [10]: 7= Ty(l - e""’") + py

[10] Mitsoulis and Huilgol. Entry flows of bingham plastics in expansions. Journal of non-newtonian fluid mechanics, 2004.
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Viscoplastic Bingham flow introduces yield surfaces that reduce
solution regularity

16 T T T T T T
. . 1.4
Non-Newtonian fluids:
1.2
» Stress-strain relation is nonlinear BPM
e Change of material propertes [, o 0 T RBPM:a, =1000 ) -
. — — —RBPM:a | =100
* Sharp transitions > 0 )OS RBPM:a , = 20 _
SN e RBPM:a =10
0.6 _:' _
: Ty for|r| <7, |
Bingham Model: 7= _ I
T, +uy forlr| >, 0.4 ff ; ¢ -
| ©
|
. 0.2 f: .
Regularized Bingham [10]: 7= Ty(l - e_my) + py
0 [ 1 1 1 1 1 1

IDI|

Regularized Bingham model. Image taken from [11]

[10] Mitsoulis and Huilgol. Entry flows of bingham plastics in expansions. Journal of non-newtonian fluid mechanics, 2004.
[11] Krimi, et al. Multiphase Smoothed Particle Hydrodynamics approach for modeling Soil-Water interactions. Advances in Water

Resources, 2018.
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In Poiseuille Bingham flow convergence is limited

Consider a simple Poiseuille flow of Bingham
fluid
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In Poiseuille Bingham flow convergence is limited

Consider a simple Poiseuille flow of Bingham
fluid

Yielded zone

Yielded zone

Bingham Poiseuille flow. Image taken from [12]

[12] Nouar et al. Stability of plane Poiseuille flow and energy growth inthe case of a Bingham fluid. Mechanics of 21° Century, 2004.
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In Poiseuille Bingham flow convergence is limited

Consider a simple Poiseuille flow of Bingham y
fluid

Yielded zone

i —— .

Yielded zone

Bingham Poiseuille flow. Image taken from [12]

[12] Nouar et al. Stability of plane Poiseuille flow and energy growth in the case of a Bingham fluid. Mechanics of 21° Century, 2004.
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In Poiseuille Bingham flow convergence is limited -

&

Consider a simple Poiseuille flow of Bingham y
fluid

Yielded zone

The analytical solution is available:

- i —— .

~F) (i + 5 = —y?) if -5 <y<h

n2 ifhy <y<h

() = )
J(F-m)?-G-h)) ifhh<y<¥

%’IH%’IH%’IH
r-L!é"r-L%*r-L%*

-

Yielded zone

Bingham Poiseuille flow. Image taken from [12]

[12] Nouar et al. Stability of plane Poiseuille flow and energy growth in the case of a Bingham fluid. Mechanics of 21° Century, 2004.
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In Poiseuille Bingham flow convergence is limited -

&

Consider a simple Poiseuille flow of Bingham
fluid

Yielded zone

The analytical solution is available:

5 (- F) (i + 5 = =y?) if —§ <y<h =
) =5 (=) if by <y < by
ﬁ( %‘E)( kz)l_(y_hz)i) lfkiﬂyig e
/ Yielded zone
. . h, = Ap - Bingham Poiseuille flow. Image taken from [12]
The horizontal componentis a 1= 77 A
simple piecewise quadratic Ap\ L
solution and it is globally C? hy =1, (__p)
L

[12] Nouar et al. Stability of plane Poiseuille flow and energy growth in the case of a Bingham fluid. Mechanics of 21° Century, 2004.
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In Poiseuille Bingham flow convergence is limited

lﬁ'"
i (~ ) (i + 5P = =y)) if ~F <y<h 10”!
u(y) = { & (-%2) 13 ith <y<h
ﬁ( %E)((——kz)z (y—hg)z) if hy 5}’5% 102
WY

|
i

Yielded zone

la = a2/l
—_
o
s

,,,,, 10~
Yielded zone
. _ 107°
Increasing p beyond 2 does not improve
convergence -~ Reference
107° = p=1
102 101 10°
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In Poiseuille Bingham flow convergence is limited

10(]
i (~ ) (i + 5P = =y)) if ~F <y<h 10”!

u(y) = { & (-%2) 13 ith <y<h
L(-22)((2 - m - - h)) itk <y<t o

Yielded zone

WY
i

la = a2/l
—_
o
s

—_
i
=S

Yielded zone

Increasing p beyond 2 does not improve

Reference
convergence —A— p=
10°
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In Poiseuille Bingham flow convergence is limited

10(]
i (~ ) (i + 5P = =y)) if ~F <y<h 10”!

u(y) = { & (-%2) 13 ith <y<h
L(-22)((2 - m - - h)) itk <y<t o

Y
i Yielded zone

la = a2/l
—_
o
s

—_
i
=S

Yielded zone

1075 Reference
Increasing p beyond 2 does not improve 4 p=1
convergence —8— p=2
107 ¢ p=3
10°
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In Poiseuille Bingham flow convergence is limited

10(]
i (~ ) (i + 5P = =y)) if ~F <y<h 10”!

u(y) = { & (-%2) 13 ith <y<h
L(-22)((2 - m - - h)) itk <y<t o

Y
i Yielded zone

la = a2/l
—_
o
s

—_
i
=S

Yielded zone

10—5.
Increasing p beyond 2 does not improve

convergence
107
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In Poiseuille Bingham flow convergence is limited -

The error in the L?-norm for a given finite element (or
iIsogeometric approximation) is governed by the
regularity of the exact solution [13]

Yielded zone

p+1

lu = upll 2 < CAP*! Y || Dlul| 2
i=0

Yielded zone

w () + 5 = —y?) if -Z <y<h
u(y) = i(-égz h? ifh) <y<h
A
(T

[13] Bazilevs, Beirao da Veiga, Cottrell, Hughes, Sangalli. Isogeometric analysis: approximation, stability and error estimates for h-refined
meshes. Math. Models Methods Appl. Sci., 2006.

Universitat Politecnica de Catalunya Nicolo Antonelli 18/05/2026



In Poiseuille Bingham flow convergence is limited -

The error in the L?-norm for a given finite element (or
isogeometric approximation) is governed by the
regularity of the exact solution [13]

Yielded zone

p+1

lu = upll 2 < CAP*! Y || Dlul| 2
i=0

For instance, we can ensure quadratic convergence

Yielded zone

2 2
lu —upll 2 < CA*(|lull 2 + | Dull 2 + [[D7ul| r2)

(=) (n + B = -yp) if -Z <y<h
2u
u(y) = i(-égz h? ifh) <y<h
A
w1

[13] Bazilevs, Beirao da Veiga, Cottrell, Hughes, Sangalli. Isogeometric analysis: approximation, stability and error estimates for h-refined
meshes. Math. Models Methods Appl. Sci., 2006.
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In Poiseuille Bingham flow convergence is limited -

The error in the L?-norm for a given finite element (or
isogeometric approximation) is governed by the Yielded zone
regularity of the exact solution [13]

p+1

lu = upll 2 < CAP*! Y || Dlul| 2
i=0

For instance, we can ensure quadratic convergence

2 2
lu —upll 2 < CA*(|lull 2 + | Dull 2 + [[D7ul| r2)

1 (_4ar
2w\"1
But we can’t have cubic because ||D? ul| 2 is 10,() =1{ 5 (_égl
unbounded i 522

[13] Bazilevs, Beirao da Veiga, Cottrell, Hughes, Sangalli. Isogeometric analysis: approximation, stability and error estimates for h-refined
meshes. Math. Models Methods Appl. Sci., 2006.
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Bingham benchmark: sudden expansion of Bingham flow

Problem geometry Reference solution: Mitsoulis results [10]

Consider the well-known benchmark sudden expansion of Bingham fluid

The yielded (white) and unyielded (dark) regions are in general very difficult to capture

[10] Mitsoulis and Huilgol. Entry flows of bingham plastics in expansions. Journal of non-newtonian fluid mechanics, 2004.
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Bingham benchmark: sudden expansion of Bingham flow

Coarse Refined

Reference solution: Mitsoulis results
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Bingham benchmark: sudden expansion of Bingham flow

40 |
3.0
25
= 2.0
15
1.0
05 -
0.0
0 2 H 6 8 10
X

Coarse Refined

Reference solution: Mitsoulis results
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Bingham benchmark: sudden expansion of Bingham flow -

40 |
3.0
25
= 2.0
15
1.0
05 -
0.0
0 2 H 6 8 10
X

S

Coarse Refined

Reference solution: Mitsoulis results
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Bingham benchmark: sudden expansion of Bingham flow -

S
r

Reference solution: Mitsoulis results

p=3

Coarse Refined
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Bingham benchmark: sudden expansion of Bingham flow

Reference solution: Mitsoulis results

Refined
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Conclusions of Publication Il

]_0“

* Use high-order discretizations when the solution is
sufficiently smooth 10!

* Local stress-divergence reconstruction is essential

-2
for p>1 i 10
=
. . . o El
* |GA basis functions (large support, high continuity) EIO‘*
are less suitable for non-Newtonian flows ?
|
* Non-smooth physics calls for local h-refinement to 2104
capture localized features
10—5_
lo—ﬁ_
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Conclusions of Publication Il

10°
* Use high-order discretizations when the solution is
sufficiently smooth 10!
* Local stress-divergence reconstruction is essential B
for p>1 ) 10
=
. . . o El
* |GA basis functions (large support, high continuity) EIO‘*
are less suitable for non-Newtonian flows ?
|
* Non-smooth physics calls for local h-refinement to 20
capture localized features
10—5_
Motivate the need of a flexible multipatch refinement
strategy 10-6.
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Publication III
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Publication lll:
Isogeometric multipatch coupling with arbitrary refinement using @

the Gap-Shifted Boundary Method

* Industrial CAD geometries are typically given as
trimmed NURBS multipatch models

Multipatch model. Image taken from [2]

[2] Realization of CAD-integrated shell simulation based on isogeometric B-Rep analysis. T. Teschemacher, A. M. Bauer, T. Oberbichler, M.
Breitenberger, R. Rossi, R. Wuchner and K.-U. Bletzinger, 2018.
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Publication lll:
Isogeometric multipatch coupling with arbitrary refinement using @
the Gap-Shifted Boundary Method

* Industrial CAD geometries are typically given as
trimmed NURBS multipatch models

 Trimming-based coupling techniques are a natural
choice, but require cut-cell integration = severe
conditioning

Multipatch model. Image taken from [2]

[2] Realization of CAD-integrated shell simulation based on isogeometric B-Rep analysis. T. Teschemacher, A. M. Bauer, T. Oberbichler, M.
Breitenberger, R. Rossi, R. Wuchner and K.-U. Bletzinger, 2018.
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Publication lll:
Isogeometric multipatch coupling with arbitrary refinement using @
the Gap-Shifted Boundary Method

* Industrial CAD geometries are typically given as
trimmed NURBS multipatch models

 Trimming-based coupling techniques are a natural
choice, but require cut-cell integration = severe
conditioning

Idea: achieve robust high-order coupling under
arbitrary interface mismatch using the SBM

Multipatch model. Image taken from [2]

[2] Realization of CAD-integrated shell simulation based on isogeometric B-Rep analysis. T. Teschemacher, A. M. Bauer, T. Oberbichler, M.
Breitenberger, R. Rossi, R. Wuchner and K.-U. Bletzinger, 2018.
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resolution only in restricted regions =
Change of material properties or Neumann
BCs

Classical local refinement strategies such
as THB-splines [14] are very effective

Local features often require additional
[14] Giannelli, Juttler, Speleers. THB-splines: The truncated basis for hierarchical splines. Computer Aided Geometric Design, 2012.
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Additional motivations
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framework
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Local features often require additional
resolution only in restricted regions =
Change of material properties or Neumann
BCs

Classical local refinement strategies such
as THB-splines [14] are very effective

Embedded local patches could provide a
flexible way to refine only where needed
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[14] Giannelli, Juttler, Speleers. THB-splines: The truncated basis for hierarchical splines. Computer Aided Geometric Design, 2012.
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Gap-SBM explicitly reconstructs the gap between the surrogate
and true boundaries

* The Gap-SBM [15] starts from the SBM idea: a surrogate boundary Iis built using the background mesh

-----------
.....

[15] Collins, Li, Lozinski, Scovazzi. Gap-SBM: A new conceptualization of the shifted boundary method with optimal convergence for the
Neumann and Dirichlet problems. Computer Methods in Applied Mechanics and Engineering, 2026.
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Gap-SBM explicitly reconstructs the gap between the surrogate

and true boundaries

* The Gap-SBM [15] starts from the SBM idea: a surrogate boundary Iis built using the background mesh

* Instead of neglecting the region between the
surrogate and true boundaries, Gap-SBM
explicitly accounts for this geometric gap

-----------
.....

[15] Collins, Li, Lozinski, Scovazzi. Gap-SBM: A new conceptualization of the shifted boundary method with optimal convergence for the
Neumann and Dirichlet problems. Computer Methods in Applied Mechanics and Engineering, 2026.
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Gap-SBM explicitly reconstructs the gap between the surrogate

and true boundaries

* The Gap-SBM [15] starts from the SBM idea: a surrogate boundary Iis built using the background mesh

* Instead of neglecting the region between the
surrogate and true boundaries, Gap-SBM
explicitly accounts for this geometric gap

* The gap is discretized into curvilinear gap
elements [16], and active basis functions are

extended into it by high-order Taylor expansions

------------
—-—

[15] Collins, Li, Lozinski, Scovazzi. Gap-SBM: A new conceptualization of the shifted boundary method with optimal convergence for the
Neumann and Dirichlet problems. Computer Methods in Applied Mechanics and Engineering, 2026.
[16] Gorgi, Antonelli, Cornejo, Scovazzi, Rossi. The Isogeometric Gap-Shifted Boundary Method. Preprint, 2026.
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Gap-SBM explicitly reconstructs the gap between the surrogate

and true boundaries

* The Gap-SBM [15] starts from the SBM idea: a surrogate boundary Iis built using the background mesh

* Instead of neglecting the region between the
surrogate and true boundaries, Gap-SBM
explicitly accounts for this geometric gap

* The gap is discretized into curvilinear gap
elements [16], and active basis functions are
extended into it by high-order Taylor expansions

* Thisretains the favorable conditioning of the
SBM, while recovering high accuracy for
Neumann boundary conditions

------------
—-—

[15] Collins, Li, Lozinski, Scovazzi. Gap-SBM: A new conceptualization of the shifted boundary method with optimal convergence for the
Neumann and Dirichlet problems. Computer Methods in Applied Mechanics and Engineering, 2026.
[16] Gorgi, Antonelli, Cornejo, Scovazzi, Rossi. The Isogeometric Gap-Shifted Boundary Method. Preprint, 2026.

Nicoldo Antonelli

Universitat Politecnica de Catalunya

18/05/2026



Gap-SBM couples nonconforming patches by integrating over -
the gap region

 One patch defines the “true” interface; the other
needs a surrogate interface T
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Gap-SBM couples nonconforming patches by integrating over
the gap region

* One patch defines the “true” interface; the other
needs a surrogate interface

* The mismatch becomes a thin gap region that is / '
integrated explicitly
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Gap-SBM couples nonconforming patches by integrating over
the gap region

* One patch defines the “true” interface; the other
needs a surrogate interface _

* The mismatch becomes a thin gap region that is R
integrated explicitly S

* Basis functions are extended into the gap via Taylor
expansions; therefore, no additional DOFs are
introduced, and all contributions are projected "l i i
onto the existing bases i TR LT
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Gap-SBM couples nonconforming patches by integrating over
the gap region

* One patch defines the “true” interface; the other
needs a surrogate interface

* The mismatch becomes a thin gap region that is
integrated explicitly

* Basisfunctions are extended into the gap via Taylor
expansions; therefore, no additional DOFs are
introduced, and all contributions are projected
onto the existing bases

* Coupling is enforced with a penalty-free
skew-symmetric Nitsche formulation
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Continuity can be enforced with a penalty-free Nitsche formulation -

Consider the Discontinuous Galerkin notation of jump and average:

[W]] := w* —w? {wh := 2w +w")

[[0,w1] := Bpiw” = Bpsw® 8w} = §(Buiw” + D) ey G
3 ) e A O x g i

Ld i -------- T ‘:’: ”

o R R e S o i/ M

A i i AR

................ it : } \L, i

: | MMM i )

iy
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Continuity can be enforced with a penalty-free Nitsche formulation

Consider the Discontinuous Galerkin notation of jump and average: Patch B
Patch A (Extended with
(Body-fitted) Gap-SBM)

(D] = wi=w? ko= 300+ W) B N W
[[8w]] = By W™ = Bppw®  {Buw) = L(@w" + Bpw”) R \~ T

PR RSN e o ey o ey PR N
: o5 e e 8L 2, :
B R - R O U G D =
1 ) 5
b e 7Y
M %o oM
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Continuity can be enforced with a penalty-free Nitsche formulation

Consider the Discontinuous Galerkin notation of jump and average: Patch B
Patch A (Extended with

(Body-fitted) Gap-SBM)

(D] = wi=w? ko= 300+ W) B N W
[[8w]] = By W™ = Bppw®  {Buw) = L(@w" + Bpw”) R \~ LT

-G-GO
----------

The Nitsche coupling terms are then defined as R S ANz N N

...........
---------------------------------------------

a2 v) = =0, [Dr, - (Wl 40w, + (S L on) f
A8 h IV O O O

________
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Continuity can be enforced with a penalty-free Nitsche formulation

Consider the Discontinuous Galerkin notation of jump and average: Patch B
Patch A (Extended with

(Body-fitted) Gap-SBM)

(D] = wi=w? ko= 300+ W) B N W
[[8w]] = By W™ = Bppw®  {Buw) = L(@w" + Bpw”) R \< T

The Nitsche coupling terms are then defined as R, SRR AN S o B
T

sym 0 = SRR, A P
ar.. (u,v) =|—({0nu}}, [VIDr,, — ([[ul], {{anV}DFAB + E [[e]], [[v]] . O DY e T A S
APt e e

f B2, S WM WP &

flux Continuity ';: bdbd ; .:. 7

Universitat Politecnica de Catalunya Nicolo Antonelli 18/05/2026



Continuity can be enforced with a penalty-free Nitsche formulation

Consider the Discontinuous Galerkin notation of jump and average: Patch B
Patch A (Extended with

(Body-fitted) Gap-SBM)

(D] = wi=w? ko= 300+ W) B N W
[[8w]] = By W™ = Bppw®  {Buw) = L(@w" + Bpw”) R \< T

-G-GO
---------

The Nitsche coupling terms are then defined as R S AN B B

Al <% — [[V]]) s EEEE,
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ap " (u, v) =|—({8nu}), [[VID)r,, xR -
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Continuity can be enforced with a penalty-free Nitsche formulation

Consider the Discontinuous Galerkin notation of jump and average: Patch B
Patch A (Extended with

(Body-fitted) Gap-SBM)

(D] = wi=w? ko= 300+ W) B N W
[[8w]] = By W™ = Bppw®  {Buw) = L(@w" + Bpw”) R \< T

-G-GO
---------

The Nitsche coupling terms are then defined as R S AN B B
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Continuity can be enforced with a penalty-free Nitsche formulation

Patch B
Patch A (Extended with
(Body-fitted) Gap-SBM)

(Wl = w" =w?  {w) = 3" +wP) NN
[[8aW]] := W™ = Bpsw® (D) := L(@mw" + Bpow®) A o \* o

Consider the Discontinuous Galerkin notation of jump and average:

The Nitsche coupling terms are then defined as P T )

'
——————————————————————————————————————————

.........
------------------------------------
i ' ' '

a2 v) = =0, [Dr, - (Wl 40w, + (S L on) f

7Y S M 0 O O O A e

a2 (u,v)|= ~(l@aub, [V1Dr,, + (0N, [[ulDr,, R
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Continuity can be enforced with a penalty-free Nitsche formulation

Patch B
Patch A (Extended with
(Body-fitted) Gap-SBM)

(Wl = w" =w?  {w) = 3" +wP) NN
[[8aW]] := W™ = Bpsw® (D) := L(@mw" + Bpow®) A o \* o

Consider the Discontinuous Galerkin notation of jump and average:

The Nitsche coupling terms are then defined as P T )

'
——————————————————————————————————————————

.........
------------------------------------
i ' ' '

a2 v) = =0, VD, Ol 0w, + (S Wl om)

7Y S M 0 O O O A e

g ()| =[~ (0l 11D, | D0V, LDy, R L

/ \

flux continuity Nitsche term
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No additional DOFs are introduced contributions project to already
existing DOFs

Patch B
Patch A (Extended with

Consider the extended Discontinuous Galerkin notation of jump and (Body-fitted) Gap-SBM)

average: N

........
L) £ 1@

911 = A — yBos Cul] = b
(07 = L0m A + 0,005 (O = Y@t + 0Py B o R

.....
-----------------
i ' ' '

______

......

.......

______

'
------------

........
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No additional DOFs are introduced contributions project to already
existing DOFs

Patch B
Patch A (Extended with
Consider the extended Discontinuous Galerkin notation of jump and (Body-fitted) Gap-SBM)

average:

= A B
1) =" =y — RN R
{0,v) = (949 + 0,5V {0,ull = L(D:u? + 0, uBexs SRR R S T R
2 ! " 2 nA N A : 1 i ™ :
P e e
Sl
e ammMmmaaER
{3 A S
15 S N
oF, . Wi
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No additional DOFs are introduced contributions project to already
existing DOFs

Patch B
Patch A (Extended with
Consider the extended Discontinuous Galerkin notation of jump and (Body-fitted) Gap-SBM)

average:

-G-GO
-----------

[[V]] = v* - o

— o N O

{0} = %(8;;/“"4 + (9nBVB’eXt) 0,ul = %(aﬁAuA + anBIMB’eXt) : T '_g_"_f!f_’_’_ S ‘;,‘,;5: dronesie

FrieiE ::":jm,___;::f"“;'"‘\j,,_::3:]: ____ i

Extended basis functions definition using the closest point projection ST T :;35:2:___';.'{: 5
on the surrogate boundary 235 T W s e R AD i X

~— Taylor shift operator

u™(x) = ) ufSH(N,(X))

i
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No additional DOFs are introduced contributions project to already
existing DOFs

Patch B
Patch A (Extended with
(Body-fitted) Gap-SBM)

Consider the extended Discontinuous Galerkin notation of jump and

average: N

[V]] = v — P [[]] = — u® SR e o L R
S PO P N i I ; 1 R

(0] = L(9VA + BavBext) (Ol = L@t + Pty [l e R
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Gap volumes terms and Nitsche extended coupling terms (penalty-free): 4 i I
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No additional DOFs are introduced contributions project to already
existing DOFs

Patch B
Patch A (Extended with

Consider the extended Discontinuous Galerkin notation of jump and (Body-fitted) Gap-SBM)

average: N
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No additional DOFs are introduced contributions project to already
existing DOFs

Patch B
Patch A (Extended with

Consider the extended Discontinuous Galerkin notation of jump and (Body-fitted) Gap-SBM)

average: N

............
‘i H e -‘ ! 6.

[V]] = v — P [T]] = uh = P B s S

(0w) = 3@ + 0P (O = 3@ + 0T
Gap volumes terms and|Nitsche extended coupling terms|(penalty-free): | fl L
(Vi VvP s = ({Ouul, [VIDr,, + (U] 0y r,,| = (f v e [ 5 =
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Gap-SBM couples nonconforming patches: Results

Single patch vs two-patches “body-fitted” vs two-patches Gap-SBM

single patch multipatch body-fitted multipatch Gap-SBM
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Gap-SBM couples nonconforming patches: Results

—— Single patch —— Multipatch body-fitted = —— Multipatch Gap—-SBM  —— Multipatch Gap—SBM (incl. gap elements)

Single patch vs ,
two-patches:

1034
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]

&

llwe = wnll2/ llull 22
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109 4

L%errorvs h
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Gap-SBM couples nonconforming patches: Results

—— Single patch —— Multipatch body-fitted = —— Multipatch Gap—-SBM  —— Multipatch Gap—SBM (incl. gap elements)
|

p=1
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Gap-SBM couples nonconforming patches: Results

—— Single patch —— Multipatch body-fitted = —— Multipatch Gap—-SBM  —— Multipatch Gap—SBM (incl. gap elements)

Single patch vs |
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Gap-SBM couples nonconforming patches: Results

—— Single patch —— Multipatch body-fitted = —— Multipatch Gap—-SBM  —— Multipatch Gap—SBM (incl. gap elements)

Single patch vs
two-patches:
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Multipatch Gap-SBM and condition number

Consider the previous
example:

single patch vs multipatch
Gap-SBM with similar mesh
size

single patch multipatch Gap-SBM
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Multipatch Gap-SBM and condition number

10% A
10° 4 \\\ Y
J ~, J -.7 "1_ 4
The condition number grows T L gt
Wil 107 D= //
asymptotically with the expected O A A
h™“ rate
+ 106
10° 4
5 g
s £
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[=] [e]
(@} [®]
10* A
101 4
10° 1077
A 102 4
l[lr’2 l(]l’1 l(l]:s l(r]" 1(‘)5 l(ll‘i
h DOFs
condition number vs h condition number vs DOFs
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Multipatch Gap-SBM and condition number

The condition number grows T 7 o gl
asymptotically with the expected NS o L LA
h~? rate AL (
ki 2
g g
= i 10° A
3 S
Gap-SBM p=2 —
Gap-SBM p=1 — |
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h DOFs
condition number vs h condition number vs DOFs
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Multipatch Gap-SBM and condition number

The condition number grows
asymptotically with the expected

h~?2 rate

Universitat Politecnica de Catalunya

Gap-SBM p=3

Gap-SBM p=2

Gap-SBM p=1

A

10° 4

107 4

10° 4

Condition number

10 4

10% 4

T
102

h

condition number vs h

Nicoldo Antonelli
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This makes Gap-SBM a promising route for flexible
CAD-integrated multipatch analysis
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Additional developments and

applications




Turek CFD benchmark

* Framework: transient
Navier-Stokes with
SBM-IGA (2D and 3D)

* Implementedin the
open-source software
Kratos Multiphysics

|<HATDS'

MUL TI—rHYySICS
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Turek CFD benchmark

* Framework: transient
Navier-Stokes with

SBM-IGA (2D and 3D) H O_ ¥ h

* Implemented in the
open-source software I3
Kratos Multiphysics

* Validated on the Turek C A
CFD benchmark [17] : e -+ |

A
Y

Turek problem geometry. Image taken from [17]

|<HATDS'

MUL TI—rHYySICS

[17] Turek, Hron, Razzaq, Wobker, Schafer. Numerical Benchmarking of Fluid-Structure Interaction: A comparison of different discretization and
solution approaches. In Fluid Structure Interaction I, 2010.
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MUL TI—rHYySICS
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Turek CFD benchmark

* Framework: transient
Navier-Stokes with
SBM-IGA (2D and 3D)

* Implemented in the
open-source software
Kratos Multiphysics

 Validated on the Turek
CFD benchmark[17]
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SBM-IGA vs Body-fitted FEM

FEM body-fitted
h=0.001, p=1

Velocity / \ Pressure

4.485 085
Velocity Magnitude |v|| at # = 10.00s : Pressure p at t = 10.00s
. . 041 7254
3.956
5424
3.488
3503
2.990
1763
2492 %
- —68
1.993
— 1898
1.495
3720
0.997 0.00 T
L.25 2.50 0.00 125 250 — 8550
- —7390
0.000
9085
Velocity Magnitude [[v| at t = 10.00s Ead Pressure p at £ = 10.00s r5a
0.41 0.41
3.986
5424
3.488
3593
2.990
1763
2.492
> —68
1.993 _1898
1.495 T
0.00 0.997 0.00 T
0.00 1.25 250 0.00 1.25 250 —5559
0.498 _7390
0.000

SBM-IGA
h=0.001, p=1

MULTI—PHYSICS
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SBM-IGA vs Body-fitted FEM

Drag and lift comparison of the Turek benchmark

for t=[9,9.6]

445 1

442.5

440

437.5
]

F

435

432.5 A

430 4

9.3
ts]

Drag

9.4

9.5

9.6

Nek5000
Turek and Hron

—

107

Mesh5, p=1; Mesh3, p=1
Mesh2, p=2; Mesh2, p=3
Mesh4, p=2; Mesh2, p=3

reference body-fitted

400

200

—200 A

—400

9.1 9.2

9.3
tls]

Lift

9.4

9.5

9.6
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SBM-IGA vs Body-fitted FEM -

Nek5000

. . Turek and Hron
Drag and lift comparison of the Turek benchmark | Mesh, p—1: Mesh3, p—1| 547.848 dofs

for t=[9,9.6]

esh2, p=2; Mesh2, p=3
Mesh4, p=2; Mesh®, p=3
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SBM-IGA vs Body-fitted FEM

Nek5000

Turek and Hron

Mesh5, p=1; Mesh3, p=1| 547.848 dofs
Mesh2, p=2; Mesh2, p=3

Mesh4, p=2; Mesh2, p=3

Drag and lift comparison of the Turek benchmark
for t=[9,9.6]

445 1
400 1
442.5
440 200 7
437.5 1
= = 0
435
—200 1
432.5 1
430 —400
9 9.1 9.2 9.3 9.4 9.5 9.6 9 9.1 9.2 9.3 9.4 9.5 9.6
ts) tls]
Drag Lift
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SBM-IGA vs Body-fitted FEM

Nek5000
Turek and Hron
Mesh5, p=1; Mesh3, p=1  547.848 dofs

Mesh2, p=2; Mesh2, p=3| 44.103 dofs
Mesh4, p=2; Mesh2, p=3

Drag and lift comparison of the Turek benchmark
for t=[9,9.6]

445 1
400 1
442.5
440 1 200 1
437.5 1
= = 0
435
—200
432.5 1
430 1 —400
9 9.1 9.2 9.3 9.4 9.5 9.6 9 9.1 9.2 9.3 9.4 9.5 9.6
ts) tfs|
Drag Lift
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SBM-IGA vs Body-fitted FEM

Nek5000

. . Turek and Hron
Drag and lift comparison of the Turek benchmark Mesh5, p—1; Mesh3, p—1  547.848 dofs

for t=[9,9.6] ———— Mesh2, p=2; Mesh2, p=3  44.103 dofs
—— Mesh4, p=2; Mesh2, p=3| 147.303 dofs

445 1
400

442.5

440 A 200 A

437.5
]

F

435

—200 A
432.5 A

430 1 - 400

LB ts]

Drag Lift
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3D examples

Fluid flow around a sphere

1.75
1.75
| 1150
L 1.50
- 1.25
- 1.25
-1.00 _
- 100 _ =
B L 0.75
L 0.75
0.50
0.50
0.25
0.25
0.00
0.00
Body-fitted FEM SBM-IGA
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3D examples

Fluid flow around a 3D Stanford bunny

Velocity Magnitude (x < 1), step 1 Pressure (x < 1), step 1

8
1.75 150
125 6
B 150 1.00
4
0.75
- 1.25 050
2
0
o 0.25 o6,
x 0o x V6o
7 100 0.00 0
=
Velocity Magnitude (z < 1), step 1 Pressure (z < 1), step 1
- 0.75
175
8
0.50
6
0.25
4
0.00 4
0.00 o
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3D examples

Fluid flow around a car

1.2
1.0 1.0
0.30 0.8 98
0.25 3 )
0.20 = B
R ’E »
— 0.6 ©
Y o015 06 E g
0.10 g =
>
0.05 = -
0.4
0.00
0.2
- 0.0

Body-fitted FEM SBM-IGA
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Conclusions, limitations and future

This thesis demonstrated that the SBM can be successfully integrated within IGA, resulting in a @
framework that is:

1. cut-cell-free embedded framework

2. geometrically flexible alsoin 3D

3. high-order accurate

4. well-conditioned
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Conclusions, limitations and future

This thesis demonstrated that the SBM can be successfully integrated within IGA, resulting in a
framework that is:

1. cut-cell-free embedded framework

2. geometrically flexible alsoin 3D

3. high-order accurate

4. well-conditioned

Limitations:

* The optimal treatment of Neumann boundary conditions is stillan open issue for classical SBM

* In case of non-Newtonian fluids higher order power of IGA is probably more a disadvantage; local h-
refinement and polynomial order reduction is essential

* The Gap-SBM framework has not yet been extended to fully three-dimensional configurations
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This thesis demonstrated that the SBM can be successfully integrated within IGA, resulting in a
framework that is:

1. cut-cell-free embedded framework

2. geometrically flexible alsoin 3D

3. high-order accurate

4. well-conditioned

Limitations:

* The optimal treatment of Neumann boundary conditions is stillan open issue for classical SBM

* In case of non-Newtonian fluids higher order power of IGA is probably more a disadvantage; local h-
refinement and polynomial order reduction is essential

* The Gap-SBM framework has not yet been extended to fully three-dimensional configurations

Future:

* Moving boundary problems

* Fluid Structure Interaction (FSI)

3D Gap-SBM & 3D multipatch coupling
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