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Thethesis is organizedaround three publications that build one

coherent cut-cell-free story.

A Publication I: SBMIGA for Poisson 2D/3D)

Dirichlet penalty-free
Neumann limitations
Condition number analysis

Nicolo Antonelli

%ﬁgm@ Computer Methods in Applied Mechanics and

5% . i
F%ﬁ\s’lF.R Englneerlng

Volume 430, 1 October 2024, 117228

The Shifted Boundary Method in
[sogeometric Analysis

Nicold Antonelli @ P&, Ricky Aristio &, Andrea Gorgi @ ° &, Rubén Zorrilla

Jo
I

Riccardo Rossi @ P =i, Guglielmo Scovazzi d =X, Roland Wiichner © &

L Computer Methads in Applied Mechanics and = f?f-'i’? Computer Methods in Applied Mechanics and e
sl Engineering E peiiiy Engineering E
Isogeometric analysis for non- Isogeometric multipatch coupling with
Newtonian viscoplastic fluids: arbitrary refinement and

challenges for non-smooth solutions parametrization using the Gap-Shifted

{onell* 5, Andreo Gorgi** 8, Aubén Zorla** 2 B, Ricordo Rossi °* Boundary Method

5, Andreq Gorgi*® & 8, Aubén Zorillo* B, Riccordo fossi ° &

Universitat Politecnica de Catalunya

18/05/2026



The thesis is organized around three publications that build one
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The thesis is organized around three publications that build one

coherent cut-cell-free story.

A Publication Ill: GaptSBM for nonconforming
multipatch coupling

Penalty-free Gap SBMcoupling
Comparisonvs. Bodyfitted coupling
Allows local h- or p- refinement
Condition number analysis
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Introduction: FEM and IGA

A In standard FEMgeometryand solution
approximation are built with different
representations

FEM nn: 75, ne: 32 FEM nn: 196, ne: 108 FEM nn: 405, ne: 256

FEM nn: 1183, ne: 864 FEM nn: 4851, ne: 4000

IGA vs. FEM. Imagtaken from [1]

[1] W. Fukuda.3D-IGA Mesh vs3D-FEM Mesh2025.

Universitat Politecnica de Catalunya Nicolo Antonelli 18/05/2026



Introduction: FEM and IGA

A In standard FEM, geometry and solution
approximation are built with different
representations

FEM nn: 75, ne: 32 FEM nn: 196, ne: 108 FEM nn: 405, ne: 256

A In IGA, the same spline basis functions are
used CAD geometry and analysis exact
geometry representation at the analysis leve

FEM nn: 1183, ne: 864 FEM nn: 4851, ne: 4000

IGA vs. FEM. Imagtaken from [1]

IGA nn: 48, ne: 4

[1] W. Fukuda.3D-IGA Mesh vs3D-FEM Mesh2025.
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Introduction: FEM and IGA

A In standard FEMgeometryand solution
approximation are built with different
representations

FEM nn: 75, ne: 32 FEM nn: 196, ne: 108 FEM nn: 405, ne: 256

A In IGA, thesame spline basis functions are
used CADgeometryand analysist exact
geometryrepresentation at the analysis level

A IGAprOVIdeS hlgh-order and hlghly FEM nn: 1183, ne: 864 FEM nn: 4851, ne: 4000
continuous approximation spaces; IGA vs. FEM. Imagtaken from [1]
compared to FEM, IGA camchieve higher
accuracy per degree of freedom

IGA nn: 48, ne: 4

[1] W. Fukuda.3D-IGA Mesh vs3D-FEM Mesh2025.
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Industrial CADgeometry makes analysis-suitable
parameterizations the main bottleneck for standard IGA

A CAD aremainly defined by Boundary
Representation(B-Rep)modelling (not body-
fitted)

A

Multipatch model. Imagetaken from [2]

[2] Realization of CADintegrated shell simulation based onisogeometric B-Rep analysis. T.Teschemacher, A. M. Bauer , TOberbichler, M.
Breitenberger R. Rossi,R. Wiichnerand K-U. Bletzinger 2018.
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Industrial CADgeometry makes analysis-suitable
parameterizations the main bottleneck for standard IGA

A CAD aremainly defined by Boundary
Representation(B-Rep)modelling (not body-
fitted)

A Complex CAD models areinherently multipatch
and often non-watertight

Asaresult, constructing analysis-suitable
volumetric multipatch parametrizations requires
substantial human intervention and remains costly
and fragile

Parametrizedmultipatch model. Imagetaken from
LSDYNA B]

[3] Implicit Roof Crush LSDYNA hitps://Isdyna.ansys.com/implicit -roofcrush, 2026.

Universitat Politecnica de Catalunya Nicolo Antonelli 18/05/2026


https://lsdyna.ansys.com/implicit-roofcrush
https://lsdyna.ansys.com/implicit-roofcrush
https://lsdyna.ansys.com/implicit-roofcrush

Industrial CADgeometry makes analysis-suitable
parameterizations the main bottleneck for standard IGA

A CAD aremainly defined by Boundary
Representation(B-Rep)modelling (not body-
fitted)

A Complex CAD models areinherently multipatch
and often non-watertight

Asaresult, constructing analysis-suitable
volumetric multipatch parametrizations requires
substantial human intervention and remains costly
and fragile

Parametrizedmultipatch model. Imagetaken from

New family of embedded methods started to LSDYNA B]

appear: FCM, IBRAQueSQ, ...

[3] Implicit Roof Crush LSDYNA hitps://Isdyna.ansys.com/implicit -roofcrush, 2026.
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From IGA to embedded IGA: a bridfistorical perspective

A To handlecomplex geometries, the field
evolvedtoward embedded IGA
formulations
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From IGA to embedded IGA: a bridfistorical perspective

A
A Finite Cell Method (FCM) high-order T.
analysis can be performed on :j S = el NN
geometrically complex domains i ; N .
N ’ k=0 k=1 k=2
Finite cell mesh
with geometric ] T 1]
boundary . : - ﬁiﬁ-"-ﬁ*
- | _+¢¢+
A
3] HH
N B
L i
k=3 k=4 k=5

Finite Cell Method. Imagetaken from [4]

[4] Schillinger, Ruess,The Finite Cell Method: A Review in the Context of High@rder Structural Analysis of CAD and ImagBased Geometric
Models, 2014.
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From IGA to embedded IGA: a bridfistorical perspective

I Geometry space l

Vertices

Edges (direction is not considered)

CHE) Space curves

Trimming curves

\Y%

E

C

(&

S Surfaces

@ Trimmed domain

A Isogeometric B-Rep Analysis (IBRA)
pushed CAD-integrated analysis further

| Parameter space

by workingdirectly with trimmed Ty
geometries o
@ e
' o)
.@ @
é(l)(g.) Z C‘Z)(E)

IBRAmMethod. Imagetaken from [5]

[5] Philipp, Breitenberger Wiichner, Bletzinger Membrane structures with thelsogeometric B-Rep Analysis (IBRAR015.
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From IGA to embedded IGA: a bridfistorical perspective -

Clip boundary

A Quadrature for Embedded Solids
(QueSO0) advanced CAD-integrated
embedded IGA for3D solid analysis

Close domain

QueSOmethod. Imagetaken from [6]

[6] MelBmer, Kollmannsberger, Wiichner, Bletzinger Robust numerical integration of embedded solids described in boundary representatiqr2019.
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From IGA to embedded IGA: a bridfistorical perspective

e~ T
i R
k=0 k=1 k=2
Finite cell mesh
with geometric N L] V@
boundary [T SRR} HEE D
= +$ iﬁ% (3) 2
. u == é
: BT i :
5 m: i :
FCM | = il g N o IBRA
k=3 k=4 k=5 ' e

However, these methods still rely on unfitted / trimmed integration,
which may generatesmall cut-cell instabilities and ill -conditioning

Clip boundary
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The smallcut-cell instability in CutFEMIike methods

p=2

Someactive basis functions
may have support only on a
verysmall cut portion of the
physical domain

Theircontribution to the
discrete systembecomes
extremely small, which leads
to severeill-conditioning
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The smallcut-cell instability in CutFEMIike methods

p=2

Someactive basis functions
may have support only on a
verysmall cut portion of the
physical domain

Theircontribution to the
discrete systembecomes
extremely small, which leads
to severeill-conditioning

support of 0 G
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The smallcut-cell instability in CutFEMIike methods

p=2

Someactive basis functions
may have support only on a
verysmall cut portion of the
physical domain

AA OO O A BE o

Theircontribution to the
discrete systembecomes
extremely small, which leads
to severeill-conditioning

support of 0 G
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The smallcut-cell instability in CutFEMIike methods

support of 0 ¢ @

Someactive basis functions
may have support only on a
verysmall cut portion of the
physical domain

support of 0 ahw

Theircontribution to the |
discrete systembecomes /
extremely small, which leads |

to severeill-conditioning
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The smallcut-cell instability in CutFEMIike methods

support of 0 ¢ AA OBBG O G B tho @

AA OO O GEBE lohod

Someactive basis functions
may have support only on a
verysmall cut portion of the
physical domain

support of 0 ahw

~

Theircontribution to the
discrete systembecomes
extremely small, which leads
to severeill-conditioning
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Small cut-cells drive ill-conditioning and solverdegradationin
embedded IGA

Trimming/ unfitted integrationcan *T 7 7 T T T T T
create arbitrarily small cut ' A A
contributions 3 S P D I A
1 = "%
AN-NP o
SR

.

0 1 2
IBRA B]

[5] Philipp, Breitenberger Wiichner, Bletzinger, Membrane structures with thelsogeometric B-Rep Analysis (IBRARO15.
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Small cut-cells drive ill-conditioning and solverdegradationin
embedded IGA

G
* B |
L, o
r
%
%
*
k®
%

Trimming/ unfitted integrationcan *T 7 7 7
create arbitrarily small cut '  ale ole s )
contributions e o

Asaresult: 1 eslesle ol i) |1 Xege ole ele elo els

A Thecondition number grows [ B
unboundedly under refinement I o e

A lterative solversand 0 A e R O M M S
precondltloners become 0+ ole ole ole oie ole ole .i. ele ole ole ole ole ole o
unreliable

[5] Philipp, Breitenberger Wiichner, Bletzinger, Membrane structures with thelsogeometric B-Rep Analysis (IBRARO15.
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Small cut-cells drive ill-conditioning and solverdegradationin
embedded IGA

Trimming / unfitted integration can *T T T T T T T T o ] ]
create arbitrarily small cut R N AR AR AR AR R AR AR AR AR
contributions S |
....--:-‘ ..‘...----......---. 1020_
Y e T L
. » -___-_I- ':h..l _____ E'..."'.'.'E".'".- sis sis sis @
R R E B s I e |
As a result: B B R L E R e If_g
iy L RRA L A e 1071
A The condition number grows “’,h,a‘
I PP PO RN < S M P DN N M

unboundedly under refinement [T e 10

preconditioners become 0 . -i- -E- -i- e @@ eie -E- ais @8 e,@ -i- -E- ais @
1 0 1 2 10° T T
unreliable 10-2 10-1

A tterative solvers and A

[5] Philipp, Breitenberger Wiichner, Bletzinger, Membrane structures with thelsogeometric B-Rep Analysis (IBRARO15.

Universitat Politecnica de Catalunya Nicolo Antonelli 18/05/2026



TheShifted Boundary Method

The SBMT] avoids cut-cell integration by imposing boundary conditions on a surrogate
boundary

1. Replacethe true boundary with
a surrogateboundary

2. Project surrogate pointsonto
the true boundary

3. Use a Tayloexpansionto
transfer the boundary
conditions

4. Solve on asimple background
mesh with nocut-cell
guadrature SBM. Imagetaken from [7]

[7] Main, Scovazzi The shifted boundary method for embedded domain computations. Part i: Poisson and stokes problemz)18.
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High-order smooth spline bases make Taylorbased boundary
shifting particularly natural in IGA

Spline bases provide smooth
derivativesacross elements

Thismakes higher-order SBM B]
natural and consistent

Order elevationimproves
accuracy without changing
geometry handling

SBM. Imageaken from [7]

[7] Main, Scovazzi The shifted boundary method for embedded domain computations. Part i: Poisson and stokes problem2)18.
[8] Atallah, Canuto, Scovazzj The highorder Shifted Boundary Method and its analysi022.
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High-order smooth spline bases make Taylorbased boundary
shifting particularly natural in IGA

Spline bases provide smooth
derivativesacross elements

Thismakes higher-order SBM B]
natural and consistent

Order elevationimproves
accuracy without changing
geometry handling

Goal: retain high-order rates
while keepingrobust conditioning

SBM. Imageaken from [7]

[7] Main, Scovazzi The shifted boundary method for embedded domain computations. Part i: Poisson and stokes problem2)18.
[8] Atallah, Canuto, Scovazzj The highorder Shifted Boundary Method and its analysi022.
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Publications
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Publication I:
Establishes SBMIGAas a penalty-free, cut-cell-free method for @
Poissonproblems in 2D and3D.

A Model problem: Poissonequation (2D and3D)

A SBM boundaryconditions: Dirichlet and
Neumann type

A Boundary enforcement: penalty & penaltyfree
using SBM

A Validation with convergencestudies and
condition number analysis
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Model problem: Poissonequation (2D and3D)

-Au=f 1nQ
u=up onl =0Q
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—Au =

= 0Q)

Surrogate domain

n : normal vector (surrogate boundary)

n : normal vector (true boundary)

d : closest-point projection

True domain
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The Tayloexpansionalongthe closest-point projection

“Au=f inQ

u=up onl =0Q

Define thei-th order directional derivative
alongd:
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The Tayloexpansionalongthe closest-point projection

—Au=f 1InQ
u=up onl =0Q

Define thei-th order directional derivative

alongd:

2 DLu(x)
Them-th order Taylor expansion of ux) =u(x+dx)) = ulx)+ Z T+ (R™(u, d)) (%)
between wand @ i=1 L
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The Tayloexpansionalongthe closest-point projection

QcN

—Au=f 1InQ
u=up onl =0Q

: il d'u
Define thei-th order directional derivative Dfdu = Z — —d*“
. a! 0x%
alongd: aeN" |a|=i
m Dilu(.'i') N §
Them-th order Taylor expansion ofi ux)=ux+dx)) =ulx)+ Z + (R"(u, d)) (x)

between wand @

u(x)

The boundary shift operator S’"u(x) = u(%) + Z
i=1
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The Tayloexpansionalongthe closest-point projection

QcN

—Au=f 1InQ
u=up onl =0Q

: i! d0'u
Define thei-th order directional derivative Dfdu = Z — —d*
. a! 0x®
alongd: aeN" |a|=i
m Dilu(.'i')
Them-th order Taylor expansion ofi ux)=ux+dx)) =ulx)+ Z + (R"(u,d)) (%)
between wand w
| u(x)
The boundary shift operator Smu(x) = u(%) + Z
On the surrogate boundary we have S?u —up+R"(u,d)y=0 on I
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The Tayloexpansionalongthe closest-point projection

QcN

—Au=f 1L
u=up onl =0Q

. . . o i il du L4

Define thei-th order directional derivative D JU = Z — —d
. a! 0x*
alongd: aeN!,|a|=i
m Dilu(.'i')
Them-th order Taylor expansion ofi ux)=ux+dx)) =ulx)+ Z + (R™(u, d)) (%)
between wand @
| u(x)

The boundary shift operator Smu(x) = u(%) + Z
On the surrogate boundary we have Sﬁu —up +R"(u,d)=0 on I}
The remainder satisfies IR™(u, d)| = O(]|d||™*") as ld|| — O
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SBMweak formulations

“Au=f inQ

u=up onl =0Q

Nitsche penalty weak formulation:

. ~ a
az(uh, Uh) T (Vuh, VUh)Qh — (Vuh ‘N, Uh>fh — (S:?uh, Vl)h . n>fh + E(Uh, S;luh)fh

- a
Ih(vp) = (f, Uh)_(jh — (up, Vo - ")fh + E(%MD)fh
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SBMweak formulations

“Au=f inQ

u=up onl =0Q

Nitsche penalty weak formulation:

az(uh, Uh) T (Vuh, Vl)h)éh — (Vuh . ﬁ, Uh>fh — (S:?uh, Vl)h . n>fh + _(Uh, S:?uh>fh

—~ a 3
lh(Uh)z (f,Uh)éh—<HD,VUh‘n)f'h+E<Uh,uD‘?f'h\ /
AN pad

boundary shift operator
applied to the gradient

Dirichlet boundary
values
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SBMweak formulations

“Au=f inQ

u=up onl =0Q

Nitsche penalty weak formulation:

af(uh, Uh) = (Vuh, VUh)Qh — <Vb£h . ﬁ, Uh>fh — (S:i”uh, VUh : n>fh + —<Uh, S;nuh>fh

8 a ‘
l(vy) = (f.op)g, — up{ Vo, - ) f, + E(”ha”mfh

Nitsche penalty -free weak formulation:

af(uh, Uh) = (Vuh, VUh)Qh - (Vuh g ﬁ, Uh)f*h + <S;Inu ’ Vvh : ﬁ)fh

l(wy) = (f,vp)g, + {up{Vuy, - i) f,
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Neumann boundaryconditions

A For NeumannBCs, SBMIGApreservesoptimal gradient
accuracy but loses one order in the 0 -norm

A Shifted flux approximation+ "O -optimal , but O rate drops
fromO(Q to O(Q)

A Neumann conditions are more delicate,since shifting
fluxesis harder than shifting values

Universitat Politecnica de Catalunya Nicolo Antonelli 18/05/2026



Neumann boundaryconditions

A For NeumannBCs, SBMIGApreservesoptimal gradient
accuracy but loses one order in the 0 -norm

A Shifted flux approximation+ "O -optimal , but O rate drops
fromO(Q to O(Q)

A Neumann conditions are more delicate,since shifting
fluxesis harder than shifting values

Neumann weak formulation:

ay (un, vi) = (Vup, Vvp)g, — (Vup - i, vi)p, + ((SyVuy - m)ft - n,vp)r, ,

(vp) = (f,va)g, + (IR, V)7,
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Neumann boundaryconditions

A For Neumann BCs, SBMGA preserves optimal gradient
accuracy but loses one order in tha) -norm

A Shifted flux approximationt "O -optimal , but0 rate drops additional Nuemann
fromO(Q to O(Q) boundaryterms

A Neumann conditions are more delicate, since shifting
fluxes is harder than shifting values

Neumann weak formulation:

a(uny vi) = (Vatn, Vi), — (Vi i, vy, +((Sy Ve - m)ii - m, i),

W) = (f,va)g, +Kindi - m, vy,
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Neumann boundaryconditions

A For NeumannBCs, SBMIGApreservesoptimal gradient @
accuracy but loses one order in the 0 -norm
A Shifted flux approximationt O -optimal , but 0 rate drops additional Nuemann
fromO(Q to O(Q) boundaryterms
A Neumann conditions are more delicate,since shifting .
f i< harder th hifti | boundary shift operator
uxes is harder than shifting values applied to the gradient

Neumann weak formulation:

ay (un,vi) = (Vup, Vvp)g, — (Vgi/ﬁ, vh)p, + (4SfVu;, R)IL - N, V),

W) = (f,va)g, +Kindi - m, vy,
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Neumann boundaryconditions

A For Neumann BCs, SBMGA preserves optimal gradient
accuracy but loses one order in tha) -norm

»o0 point-wise error X106
A Shifted flux approximationt "O -optimal , but 0 rate drops
fromO(Q to O(Q) v 0.90
" . . .. 1.50 SEusaE
A Neumann conditions are more delicate, since shifting 0.75
fluxes is harder than shifting values 125
- 0.60
1.00
- 0.45
0.75
- - . ko 0.30
Point-wise error localized near the surrogate boundary
0.25 0.15
0.00 0.00

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
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Neumann boundaryconditions

1wt
10-% 4
L1/ - - ll-l—.!-
A "O optimal behavior
A 0 rate drops from O[Q  to O(Q)
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"O - convergence 0 - convergence
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Neumann boundaryconditions

1wt

0% 4

A "O optimal behavior
A 0 rate drops from O[Q  to O(Q)
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Neumann boundaryconditions

T
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SBMIGApreservesfavorable conditioning under refinement

10 4 10
1 < 103 4 e 2
A No cut-cell quadrature
1™ 4 1™ 4
A SBMIGA avoids the small cut
cell instability < 10° 1 < 10 4
© ©
A SBM conditioning follows the — gt}
expectedQ trend p=1
1 = 107
A Possible to use of iterative
solvers 10t ] 10
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SBMIGApreservesfavorab

e conditioning under refinement

10 4

ln‘i-l -

A No cut-cell quadrature

10 4
A SBMIGAavoidsthe small cut-
cell instability < 10 4
'
A SBMconditioning follows the —
expectedQ trend
1 =

A Possibleto use of iterative
solvers

J.':l1 -

p=2

1P

10 4

10* 4

1 <

10 4

J.':l1 -

1P

h.-2
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SBMIGApreservesfavorable conditioning under refinement

p=3

J.';':lzi-L by lﬁin -

5, 3, S -2
10%4 4 10%* 4 h

A No cut-cell quadrature
1077 4 107" 4

A SBMIGAavoidsthe small cut-
cell instability — 10"

A SBMconditioning follows the —
expectedQ trend

1™ 5 107

A Possibleto use of iterative

solvers

10 - Lt -

1P 1P
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SBMIGApreservesfavorable conditioning under refinement

J.';':lzi-L by lﬁin -

1 < 103 4 e 2
A No cut-cell quadrature
10 4 10 4
A SBMIGAavoidsthe small cut-
cell instability =3l <o
Z Z
A SBMconditioning follows the g2 Lo

expectedQ trend

10 4 10° 1%

A Possibleto use of iterative

solvers

10 - Lt -

1P 1P
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SBMIGApreservesfavorable conditioning under refinement
1™ 10
107 107 h.--2
A No cut-cell quadrature
1077 4 1077 4
A SBMIGAavoidsthe small cut-
cell instability Em!f-a Em] p=
i i r—a
A SBMconditioning follows the 1012 ] TSCH (AN
expectedQ trend R
10° - P 4= ;
A Possibleto use of iterative N
solvers 1ot 4 .
1" 1"
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3D extension

10-2 5

SBMhas a straightforward extension torobust
three-dimensional implementation 1073 -

10-% 4 1
1'].-5 4

1076

||2e — wp || £z /||| 2

1077

10-4 -

LL‘—:—J—.'L;__E -, 3

2.10°? 5.10-2 10-!

h
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3D extension

10-2 5

SBMhas a straightforward extension torobust
three-dimensional implementation 1073 -
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3D extension

1072 5

SBMhas a straightforward extension torobust
three-dimensional implementation 107 4

1078 - 1

LL‘—:—J—.'L;__E -, 3

1077 4

r ‘ |
2-10? 5.10-2 10-!

h
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3D extension

1072 5

SBMhas a straightforward extension torobust ]
three-dimensional implementation Lae

1078 -

—1"—:—4—.:_4__.; s

1077 4

T T T
2-10°2 5.10°2 10!

h
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Publication n
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Publication II:
ExtendsSBMIGA toincompressible Stokes flow andintroduces @
VMSstabilization for equal-order velocityTpressure splines.

PDE:incompressible Stokesequations

Equal-order velocity/pressure discretization
(IGAfriendly but infTsup unstable)

Variational Multiscale (VMS) 9] stabilization
ensures stability

4.485

Velocity Magnitude |v| at ¢ = 10.01s

041 3986

SBM handles embedded
boundaries without body-fitted
meshing

3.488
2.990
2492 %
1.993

1.495

0.00 0.997

0.00 L.25 2.50
0.498

0.000

[9] Codina. Stabilization of incompressibility and convection through orthogonal sub-scales in finite element methods. Comput. Methods
Appl. Mech. Eng.2000.
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Incompressible Stokes with VM Sstabilization

PDE: incompressible —V-t(V;u)+ Vp=f inQ
Stokes fluid .
e V:-u=0 1mnQ
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Incompressible Stokes with VM Sstabilization

PDE: incompressible —V - t(VPu)|+ Vp=f in Q
Stokes fluid .
e V:-u=0 1mnQ

S _ S Theviscous stress tensor
T(V Il) — 2[JV u for aNewtonian fluid
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Incompressible Stokes with VM Sstabilization

PDE: incompressible —V-t(V;u)+ Vp=f inQ
Stokes fluid .
e V:-u=0 1mnQ
Weak form / (—V - 7(V’u) + Vp — f) cv=0
Q

/(V-U)q=0
Q
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Incompressible Stokes with VM Sstabilization

PDE: incompressible -V-z(V’u)+ Vp=f inQ @
Stokes fluid .
ores Tl V-u=0 1nQ
Weak form / (—V - 7(V’u) + Vp — f) cv=0
Q

/(V-U)q=0
Q

Integrating by parts / Vv 1 (Vi) - / pV-v-— /(T(Vsu) ‘n) - v+ /P(V ‘1) =/ f-v
Q Q r r Q

/qV-u=O
Q
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Incompressible Stokes with VM Sstabilization

PDE: incompressible -V-z(V’u)+ Vp=f inQ @
Stokes fluid .
ores Tl V-u=0 1nQ
Weak form / (—V - 7(V’u) + Vp — f) cv=0
Q

boundary terms
/ (V-u)g=0 / \
Q

Integrating by parts / Vv 1 (Vi) - / pV-v-— /(T(Vsu) ‘) - v+ /P(V ‘1) =/ f-v
Q Q I I Q

/qV-u=O
Q
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Incompressible Stokes with VM Sstabilization

PDE: incompressible
Stokes fluid

Weak form

Integrating by parts

Universitat Politecnica de Catalunya

—V - 7(V°u)

+Vp=f inQ
V-u=0 1inQ

/(—V-T(Vsu)+Vp—f)-v=O
Q

boundary terms
/ (V-u)g=0 / \
Q

/st:T(Vsu)—/pV-v—/(r(VSu)-n)-v
Q Q r

+

/p(v-n)
r

Nicolo Antonelli

\ symmetric ____
coupling terms

18/05/2026

/qV-u
9)




Incompressible Stokes with VM Sstabilization

PDE: incompressible -V-z(V’u)+ Vp=f inQ @
Stokes fluid .
ores Tl V-u=0 1nQ
Weak form / (—V - 7(V’u) + Vp — f) cv=0
Q

boundary terms
/ (V-w)g=0
Q
forcing

Integrating by parts / Vv 1 7(Viu)|- / pV-v|- /(T(Vsu) ‘) - v+ /P(V ‘1) =/ f-v
Q Q I I Q

ViScous term
\ symmetric ____ /S;qv'“=0

coupling terms
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Incompressible Stokes with VM Sstabilization

/VSV:f(VSu)—/pV-v—/(r(VSu)-n)-v+/p(v-n)=/f-v @
Q Q r r Q

/qV-u=0

Q
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Incompressible Stokes with VM Sstabilization

/VSV:f(VSu)—/pV-v—/(r(VSu)-n)-v+/p(v-n)=/f-v @
Q Q r r Q

/qV-u=0

Q

Introducing the subscales u=u,; +u;
P = Dp Tt Ds
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Incompressible Stokes with VM Sstabilization

/VSV:f(VSu)—/pV-v—/(r(VSu)-n)-v+/p(v-n)=/f-v @
Q Q r r Q

/qV-u=O

Q

Introducing the subscales u=u, +u; / (-V-z(V'u)+ Vp—£) -v=0
P = Py + ;s .

us = 7’-m7) ERm(uha ph))

ps:= Tcp(Rc(uhaph))
- / (V-uwg=0
Q
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Incompressible Stokes with VM Sstabilization

/VSV:f(VSu)—/pV-v—/(r(VSu)-n)-v+/p(v-n)=/f-v @
Q Q r r Q

/ qV-u=0
Q
Introducing the subscales u=u,; +u;
D = py + D Algebraic Sub-Grid Scale (ASGS)

U= 7’-m7)(l{m(uha ph)) — U= TmRm(uha ph)

ps=1 . PR (uy,pp) — Pgi= 7. R (ay, py)
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Incompressible Stokes with VM Sstabilization

/VSV:r(VSu)—/pV-v—/(r(VSu)-n)-v+/p(v-n)=/f-v @
Q Q r r Q

/ qV-u=0
Q
Introducing the subscales u=u,; +u;
D = py + D Algebraic Sub-Grid Scale (ASGS)

U= Tmp(Rm(uhaph)) — Uy= TmRm(uh’ph)

ps=1 . PR (uy,pp) — Pgi= 7. R (ay, py)

Substituting:

/st:T(Vsuh)—/(ph+ps)V-v—/(T(Vsuh)-n)-v+/p(v-n)=/f-v
Q Q r r Q

/qV-(uh+uS)=O
Q
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Incompressible Stokes with VM Sstabilization

/VSV:r(VSu)—/pV-v—/(r(VSu)-n)-v+/p(v-n)=/f-v @
Q Q r r Q

/ qV-u=0
Q
Introducing the subscales u=u,; +u;
D = py + D Algebraic Sub-Grid Scale (ASGS)

U= 7’-m7)(l{m(uha ph)) — U= TmRm(uha ph)

ps=1 . PR (uy,pp) — Pgi= 7. R (ay, py)

Substituting:

/S;VSV:T(IVZE)—/Qiph+pS)\V‘.V—/F(T(Vsuh).n)-v+'/rp(v.n)=/g;f.v
[

subscale not needed subscale is needed <+ /Q qV-(u,+u) =0
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Incompressible Stokes with VM Sstabilization

/VSV T(Vsllh)—/(ph +p)V-v —/(T(Vsuh) n) - v+/p(v n) = /f \ @

/qV-(uh+uS)=0
Q
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Incompressible Stokes with VM Sstabilization

/VSV . T(Vsllh)—/(ph +p)V -v —/(T(Vsuh) n) - v+/p(v n) = /f \ @
Q Q

/qv (w, +u)) = 0
Q
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Incompressible Stokes with VM Sstabilization

/VSV . T(Vsuh)—/(ph +p)V -v —/(T(Vsuh) n) - v+/p(v n) = /f \ @
Q Q

/qv (w, +u)) = 0
Q

/ =0onw

Only one term needs additional care with gV-u, = — Vg -u_+ gAl. -n
respect to low order FEM 0 $ Q S r s

Universitat Politecnica de Catalunya Nicolo Antonelli 18/05/2026



Incompressible Stokes with VM Sstabilization

/VSV . T(Vsuh)—/(ph +p)V -v —/(T(Vsuh) n) - v+/p(v n) =
Q Q

/qv (w, +u)) = 0
Q

/fv@

/ =0onw

Only one term needs additional care with / gV -u, =— / Vq -u, + / gl -n
Q Q r

respect to low order FEM

|

m/ Vq-f—rm/ Vq - (V- 1(Vu,))
Q Q

+7:m/ Vg - Vp
Q
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Incompressible Stokes with VM Sstabilization

Only one term needs additional care with

respect to low order FEM

Tm/ Vq - (V- 1(V°uy))
Q

+1:m/ Vg - Vp
Q

Universitat Politecnica de Catalunya
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Incompressible Stokes with VM Sstabilization

Only one term needs additional care with @

respect to low order FEM
—Tm/ Vq °f—Tm/ Vg -(V-T(Vsuh))+1:m/ Vg - Vp
Q Q Q

A For p=1 this term vanishes

. . [ Ni(&.m) Ny(E,m) ... N, (&.m) | [ M)
A For p>1itis essential to preserve Nl (51 1) Nz(; 1) N"”’ (51 1) Zl”“‘ z""gl mﬁ
optimal convergence 1162: 12 2152: 12 nep =212 el Y e :2”72
\NiCo,otn,)  No o) o Ny G ot ) || G || a2 Tin,).
A local reconstruction of the stress
tensor is done using the B-Spline > (Cz . % ¢; xy%)
. . . V-Tx = ? X ’ y
discretization 3 (C. N, . N )
i=1 LXY ox LYy dy
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In smooth Newtonian regimes, VMSstabilized SBMIGAachieves
the expected high-order accuracy

cosh(x) sinh(y) ]

Considera smooth solution u= [_ sinh(x) cosh(y)

p = sin(x) cos(y)
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In smooth Newtonian regimes, VMSstabilized SBMIGAachieves
the expected high-order accuracy

Consider a smooth solution

Universitat Politecnica de Catalunya

cosh(x) sinh(y)
— sinh(x) cosh(y)

= sin(x) cos(y)

Nicolo Antonelli
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In smooth Newtonian regimes, VMSstabilized SBMIGAachieves
the expected high-order accuracy

cosh(x) sinh(y)

Consider a smooth solution — sinh(x) cosh(y)

e e e

s

p = sin(x) cos(y) 05

e ele 8 e
Tt
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i
«
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i

03

—2u cosh(x) sinh(y) + cos(x) cos(y)
2u sinh(x) cosh(y) — sin(x) sin(y)

-

The forcing turns outto be  f(x,y) =

+ss
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Problem geometry
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In smooth Newtonian regimes, VMSstabilized SBMIGA achieves
the expected highorder accuracy

] i
..--"'f-‘.‘
f___‘,_,..«t"" e H_________._..--i
. 10-4 - '___..-t"'"- 'I____.ra-“'"dr 102 4 ______--"""'Hr#
Convergence study using a S P e .
manufactured solution .ff""" e p
2 2 o,
_ _ E 10t ‘f—ﬁr f; 10—+ l
A SBM treatment is high B 3
order accurate E £
:l_l 10-* é 108
A IGA achieves highorder
convergence _— -
—— | p=1 —a— p=1
-t . i ! 1! i . -
(L0025 005 0.1 00025 005 0.1
h h
Velocity Pressure

Universitat Politecnica de Catalunya Nicolo Antonelli 18/05/2026



In smooth Newtonian regimes, VMSstabilized SBMIGAachieves

the expected high-order accuracy

Convergencestudy usinga
manufactured solution

A SBM treatmentis high-
order accurate

A IGAachieveshigh-order
convergence
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In smooth Newtonian regimes, VMSstabilized SBMIGAachieves
the expeCted high'order aCCUfaCy without stress reconstruction

(dashed lines)
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Viscoplastic Bingham flowintroduces yield surfaces that reduce
solution reqgularity

Non-Newtonian fluids:

A Stressrstrain relation is nonlinear
A Change of material properties
A Sharp transitions
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Viscoplastic Bingham flowintroduces yield surfaces that reduce
solution reqgularity

Non-Newtonian fluids:

A Stressrstrain relation is nonlinear
A Change of material properties
A Sharp transitions

Ty for|r| <7,

Bingham Model: 7= _
T, +uy for|t| > 1,
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Viscoplastic Bingham flowintroduces yield surfaces that reduce
solution reqgularity

Non-Newtonian fluids:
A Stressrstrain relation is nonlinear

A Change of material properties
A Sharp transitions

: T, for|r| <7,
Bingham Model: 7= _
T, +uy for|t| > 1,

Regularized Bingham10]: 7=1,(1-¢™)+uy

[10] Mitsoulis and Huilgol. Entry flows ofbingham plastics in expansions. Journal of nornewtonian fluid mechanics, 2004.
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Viscoplastic Bingham flowintroduces yield surfaces that reduce
solution reqgularity

16 T T T T T T

Non-Newtonian fluids:
1.2

A Stressrtstrain relation is nonlinear BPM
A Change of material propertes {0 T :BB:,\:'T :O‘“f:ggo |
A Sharp transitons > 0 OO REPM:a =20 ]
.......... RBPM:« L= 10
0.6 s .
_ T forlr| <t I
Bingham Model: =4’ | Y i
T, +uy forlr| >, 0.4 r'} "
02 | 1

Regularized Bingham10]: 7=1,(1-¢™)+uy

O 1 1 1 1 1 1
IDI|

RegularizedBingham model. Imagetaken from [11]

[10] Mitsoulis and Huilgol. Entry flows ofbingham plastics in expansions. Journal of nornewtonian fluid mechanics, 2004.
[11] Krimi, et al. Multiphase Smoothed Particle Hydrodynamics approach for modeling Soil-Water interactions. Advances in Water

Resources, 2018.
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In Poiseuille Bingham flowconvergenceis limited

Consider a simple Poiseuille flow of Bingham
fluid
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Yielded zone

Yielded zone

Bingham Poiseuille flow. Imagdaken from [12]

[12] Nouar et al. Stability of plane Poiseuille flow and energygrowthin the case of a Binghanfluid. Mechanics of 21° Century, 2004.
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Consider a simple Poiseuille flow of Bingham y
fluid

Yielded zone

The analytical solution is available:
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Yielded zone

Bingham Poiseuille flow. Imagdaken from [12]

[12] Nouar et al. Stability of plane Poiseuille flow and energygrowthin the case of a Binghaniluid. Mechanics of 21° Century, 2004.
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Consider a simple Poiseuille flow of Bingham y
fluid

Yielded zone
The analytical solution is available:
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Thehorizontal component is a h) =-7 (_ﬂ)_l Bingham Poiseuille flow. Imaggaken from [12]
=-1,(-7
simple piecewise quadratic Ay -]
solution and it is globally 6 hz:fy(_fp)

[12] Nouar et al. Stability of plane Poiseuille flow and energygrowthin the case of a Binghaniluid. Mechanics of 21° Century, 2004.
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