Design for I1GA-type
discretization workflows

Gecko Technical Report 3

DC3 - Andrea Gorgi

“Active tooth pai

This project has received funding from the European Union's Horizon Europe
research and innovation programme under grant agreement No 101073106
Call: HORIZON-MSCA-2021-DN-01

Funded by the
European Union



Gecko

. Design for 1GA-type
15 discretization workflows

Executive summary

The project has now evolved from the initial integration of SBM within IGA toward a more
complete immersed isogeometric framework for structural and contact mechanics. The first part
of the work established the SBM-IGA methodology as a cut-cell-free strategy for complex
geometries, preserving the accuracy of spline-based discretizations while avoiding the
conditioning issues associated with small cut cells. The subsequent development of the
Gap-Shifted Boundary Method addressed one of the main limitations of the classical SBM,
namely the reduced accuracy observed for Neumann and traction boundary conditions, by
explicitly reconstructing and integrating the region between the surrogate and physical
boundaries without introducing additional degrees of freedom.

The most recent stage of the project extends these ideas to immersed isogeometric contact
mechanics. A biased one-pass Nitsche formulation has been developed for frictionless contact
between independently immersed elastic bodies. In this formulation, each body has its own
background discretization, surrogate domain, and contact boundary, while contact quantities are
transferred consistently between surrogate and physical geometries through projection maps.
The same Nitsche enforcement strategy is used for both the SBM and Gap-SBM contact
formulations, allowing the effect of the geometrical representation of the contact interface to be
isolated.

The new formulation has been validated through contact patch tests, a Hertzian
cylinder-cylinder benchmark, and a gear-pinion application. The results show that both SBM and
Gap-SBM can reproduce the main contact-pressure response with good accuracy, while the
Gap-SBM provides clear advantages in configurations where the complete physical contact
interface must be reconstructed, especially near immersed corners and boundary-condition
transitions. In addition, the Gap-SBM multipatch framework has been exploited to introduce
localized h- and p-refinement near contact regions, reducing the number of global degrees of
freedom required to obtain a comparable local contact resolution.

Overall, the current results demonstrate that immersed isogeometric contact formulations based
on SBM and Gap-SBM can be combined with local multipatch refinement to address
geometrically complex contact configurations without requiring globally body-fitted
discretizations. Future work will focus on the extension of these ideas to three-dimensional
contact, more robust large-scale implementations, and nonlinear material behaviour, including
elastoplasticity and contact problems involving more complex constitutive responses.
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Introduction

Isogeometric Analysis (IGA) has established itself as a powerful framework in computational
mechanics by bridging the gap between Computer-Aided Design (CAD) and numerical
simulation. By employing spline-based basis functions such as B-splines and NURBS, IGA
enables exact geometry representation, high-order accuracy, and enhanced continuity across
element interfaces, often achieving superior accuracy per degree of freedom compared with
standard finite element discretizations. These properties are especially attractive in structural
and contact mechanics, where geometric fidelity and smooth stress representation play a
central role.

Despite these advantages, the practical use of boundary-fitted IGA remains challenging for
complex geometries, trimmed models, and nonconforming interfaces. The generation of
analysis-suitable parametrizations may require substantial preprocessing, while immersed and
embedded approaches based on cut-cell integration are often affected by the small cut-cell
problem, which can lead to poor conditioning and increased algorithmic complexity. Within this
context, the Shifted Boundary Method (SBM) provides an attractive alternative by replacing the
true boundary with a surrogate boundary aligned with the background mesh and transferring the
boundary conditions through Taylor expansions. In this way, SBM avoids cut-cell integration,
simplifies preprocessing, and preserves the favorable conditioning properties of the
discretization. Its integration within IGA has therefore opened a promising route toward accurate
and flexible high-order immersed simulations on complex domains.

The initial stage of this work focused on this integration of SBM within IGA and on its application
to contact mechanics through a penalty-free Nitsche formulation. In the previous technical
report, this framework was validated on classical benchmarks such as the patch test, the Hertz
contact problem, and the punch test, showing that accurate and robust contact enforcement
could be achieved without introducing Lagrange multipliers or penalty parameters. These results
established the basis for extending the overall methodology toward immersed contact
mechanics.

Since then, the project has evolved in two closely connected directions. On the one hand, in
collaboration with Kangan Li and Guglielmo Scovazzi, an immersed SBM formulation for contact
in linear elasticity has been developed and validated in the FEM setting [47], demonstrating that
contact conditions can be imposed on surrogate contact surfaces while retaining robustness
and avoiding cut-cell integration, even for complex and non-watertight geometries. On the other
hand, the main methodological effort has shifted toward the development of the high-order
isogeometric Gap—Shifted Boundary Method (Gap—SBM), introduced to overcome one of the
main limitations of the classical SBM, namely the reduced accuracy in the treatment of
Neumann boundary conditions. By explicitly accounting for the region between the surrogate
and true boundaries through high-order Taylor extensions and gap integration, the Gap—SBM
restores optimal convergence for both Dirichlet and Neumann conditions without adding
degrees of freedom and while maintaining favorable numerical conditioning.

Within this same line of development, another contribution is a multipatch coupling strategy
derived from the Gap—SBM framework. In the context of the present project, this should mainly
be regarded as an enabling tool, since it allows nonconforming patches with different
parametrizations, mesh sizes, and polynomial orders to be coupled in a robust way, while also
making local refinement near critical regions significantly easier to introduce. This added
flexibility is expected to play an important role in the next stages of the research, particularly for
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a more accurate comparison between classical SBM and Gap—SBM in immersed contact, and
for future extensions to nonlinear material and plasticity.

The latest development of the project builds directly on these ingredients and applies them to
immersed isogeometric contact mechanics. In this work, the SBM and Gap-SBM are used to
formulate frictionless contact between independently immersed spline discretizations. Both
formulations rely on the same biased one-pass Nitsche enforcement and mortar-type
segmentation strategy, so that the role of the geometrical treatment of the contact interface can
be assessed in a controlled way. The same framework also incorporates Gap-SBM multipatch
coupling to introduce local h- and p-refinement in the vicinity of the contact zone, allowing high
resolution to be concentrated only where it is needed.

1. Background: The Shifted Boundary Method in
Isogeometric Analysis

Isogeometric Analysis (IGA) has become an important framework in computational mechanics
because it reduces the gap between Computer-Aided Design (CAD) and Computer-Aided
Engineering (CAE). Initially introduced by Hughes et al. [1-5], IGA uses spline-based basis
functions, such as B-splines and NURBS, to represent both the geometry and the unknown
fields. This provides exact or highly accurate geometrical descriptions, high-order
approximation, and enhanced continuity across element interfaces [6]. These properties are
particularly attractive in structural and contact mechanics, where the accurate representation of
boundaries, stresses, tractions, and contact quantities plays a central role.

Despite these advantages, the practical use of body-fitted IGA remains challenging for complex
geometries. Industrial CAD models may contain trimmed surfaces, non-watertight interfaces,
small geometrical features, or discontinuities that make the construction of analysis-suitable
spline parametrizations difficult and time-consuming [12,13]. To overcome these limitations,
several immersed and embedded approaches have been proposed, including the Finite Cell
Method (FCM) [14,15] and Isogeometric Boundary Representation Analysis (IBRA) [16—-20].
These methods relax the requirement of boundary-fitted discretizations by embedding the
physical geometry in a background mesh. However, they usually require the integration of cut
cells, which may lead to ill-conditioning when very small cut elements are present [21,22].

The Shifted Boundary Method (SBM) [23,24] provides an alternative immersed approach that
avoids direct cut-cell integration. The main idea is to replace the true physical boundary with a
nearby surrogate boundary aligned with the computational grid. Boundary conditions are then
transferred from the true boundary to the surrogate boundary through Taylor-based shift
operators. In this way, the method avoids arbitrarily small cut cells, simplifies numerical
integration, and preserves favourable conditioning properties. Applications of SBM in the finite
element setting have already demonstrated its effectiveness in solid mechanics, fluid
mechanics, and related embedded-domain problems [25-28].

The integration of SBM within IGA was developed as a first step toward high-order immersed
isogeometric simulations on complex geometries. In this setting, the smoothness and high-order
derivatives available in spline spaces can be naturally exploited in the construction of the shifted
boundary operators. The resulting SBM-IGA framework combines the geometrical and
approximation advantages of IGA with the flexibility of immersed methods, allowing complex
domains to be treated without body-fitted meshes or trimmed knot spans.

DC3 - Andrea Gorgi EREELIEEIES Page 5 of 41




. Gecko

7 ;») Design for 1GA-type
é discretization workflows

Figure 1 illustrates the basic idea of the SBM in the isogeometric setting. The physical boundary
is represented together with the surrogate boundary, active background elements, boundary
quadrature points, and projection vectors connecting the surrogate and true geometries.
Boundary conditions are imposed on the surrogate boundary, while the information from the true
boundary is recovered through the shift operators.

[ Aclive elements . Elemental Gauss Points _— Surrogate boundary

+ Projections L] Boundary Gauss Points — True boundary

(a) Surrogate and true boundaries with active elements and Gauss (b} Zoomed view of projections from surrogate to true boundary.
points.

Figure 1: Main geometrical entities of the Shifted Boundary Method in the isogeometric setting.

The SBM-IGA implementation has been developed within the Kratos Multiphysics framework
and applied to two- and three-dimensional structural mechanics problems with complex
embedded geometries. The numerical results obtained in the first stage of the project showed
that the method preserves the optimal convergence behaviour of body-fited IGA for
Dirichlet-dominated problems. In these cases, the shifted imposition of boundary conditions
provides accurate results while retaining the conditioning advantages of a cut-cell-free
discretization.

At the same time, these studies also revealed an important limitation of the classical SBM.
While shifted Dirichlet boundary conditions are generally robust, Neumann and traction
boundary conditions are more delicate, especially when high-order spline discretizations are
used. In these cases, the shifted approximation of fluxes or stresses may lead to a reduction of
accuracy and to sensitivity with respect to the position of the surrogate boundary. This issue is
particularly relevant for structural and contact mechanics, where stresses, tractions, and contact
pressures are primary quantities of interest.

Figure 2 shows a representative comparison between body-fitted IGA and SBM-IGA for a

circular geometry. The results confirm that the SBM can reproduce the body-fitted behaviour
with good accuracy, while avoiding the need for a conforming discretization of the physical
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boundary. The limitations observed for Neumann and traction-dominated problems motivated
the subsequent development of the Gap-Shifted Boundary Method, which is discussed in the
next section.

BODY FITTED 101

L2 err
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o
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10711 < — IGA body fitted
- — SBM
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Figure 2. Comparison of IGA body-fitted and IGA + SBM convergence for a circle.

The same implementation was also tested on two- and three-dimensional embedded
configurations, confirming that the SBM—IGA framework is not restricted to planar benchmark
geometries (Fig. 3). These tests provided the basis for the later developments of Gap-SBM and
immersed contact formulations.

Blue: p=1

Red: p=2

Green: p=3

flw = wall

6 102 10-1 2x 10!

Figure 3. IGA+SBM for 2D/3D problems.
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2. The Shifted Boundary Method for contact
problems

The first step toward immersed contact mechanics was developed in collaboration with Kangan
Li and Guglielmo Scovazzi and is documented in [47]. This work introduced an embedded
formulation for frictionless contact based on the Shifted Boundary Method. The main idea was
to impose the contact conditions on a surrogate contact surface located close to the true
physical contact boundary. Taylor-based shift operators were then used to transfer the relevant
kinematic and mechanical quantities between the true and surrogate geometries.

This approach allowed contact constraints to be imposed without integrating the variational
formulation over cut cells. As a consequence, the method avoided the small cut-cell instabilities
that typically affect unfitted formulations, while retaining a contact treatment closely related to
classical body-fitted methods. The formulation was developed for small-strain frictionless
contact and was tested on Signorini-type and two-body contact problems in both two and three
dimensions. The work was important for the overall project because it demonstrated that contact
conditions can be transferred consistently from the true physical boundary to a surrogate
boundary. In particular, it showed that the SBM can be used not only for standard boundary
conditions, but also for unilateral contact constraints, where the active and inactive parts of the
contact boundary are not known in advance and must be determined as part of the solution.

In the classical body-fitted Signorini setting, see Figure 4, the contact kinematics can be
described through the normal gap between a point on the candidate contact boundary and its
projection onto the obstacle. Under the small-strain assumption, the normal gap can be written
as

gn(1) = gno —u-m,

where 9., is the initial geometrical gap and n is the contact normal. Frictionless unilateral
contact is then governed by the Hertz—Signorini-Moreau conditions

On (“} =0, Pn (u} > 0, pn(u) gn(u) =0,
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where P, is the normal contact pressure. These conditions express non-penetration,

non-adhesion, and complementarity between the contact pressure and the normal gap.

/ / /r_rn = Iy

Figure 4. Signorini’'s problem: the domain and the boundary partition T' = r,ur,ur,, with
FDﬂFN =9, FCnFN =2, and FDnFC =2,

Eﬂ(“h) = Gnp — (Uh(i} —+ Tuh(i)d) ‘n,

Where ;E F~C d is the distance vector from the surrogate point to the corresponding true

boundary point, and higher-order Taylor terms can be included depending on the approximation
order. This shifted gap is the key ingredient that allows the contact conditions to be imposed on
the surrogate boundary while accounting for the location of the true physical interface.

Higher-order Taylor terms can be included depending on the approximation order. The same
idea is used to shift stress and traction quantities from the true contact boundary to the
surrogate one. As a result, the active and inactive contact regions can be identified directly on
the surrogate contact boundary, while still accounting for the location of the true physical
interface.

The final contact formulation is obtained by combining this shifted description of the contact
kinematics with a Nitsche-type weak enforcement of the contact traction. The Lagrange
multiplier is used only as a conceptual bridge in the derivation; the final formulation is purely
primal and does not introduce additional multiplier unknowns. This is an important practical
advantage, since it avoids saddle-point systems while retaining a consistent weak enforcement
of the unilateral contact conditions.

The resulting SBM contact formulation can therefore be interpreted as an immersed
Nitsche-type contact method in which the contact gap, contact traction, and active-set criterion
are shifted from the true boundary to the surrogate boundary. This allows the formulation to
avoid cut-cell integration and to preserve the robustness of the shifted-boundary framework.
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2.1 Numerical validation of the
FEM-SBM contact formulation

The formulation was first validated on a classical Hertzian disk-wall benchmark, in which an
elastic half-disk comes into frictionless contact with a rigid horizontal wall. This benchmark is
commonly used to assess contact formulations because it provides an analytical reference for
the contact-pressure distribution. The geometry consists of a circular body of radius R = 8 mm,
and only half of the domain is modelled due to symmetry, as shown in Fig. 5. Two vertical
traction levels were considered, p,=0.1 GPa and p,= 0.3 GPa. The material parameters

were set to E = 200 GPa and v = 0.3. These are the same benchmark parameters described
in the current report.

IN = (05 _FN}

20 20 20 20 20N 20N 20N 2

Figure 5. Two-dimensional Hertzian contact problem with circular boundary: geometry and
setup.

The problem was solved using both a body-fitted reference discretization and the SBM contact
formulation. The comparison showed that the SBM formulation was able to reproduce the
body-fitted response with very good accuracy. Figure 6 evidentiates how the displacement
components and the von Mises stress fields obtained with the two approaches were nearly
indistinguishable, indicating that the shifted treatment of the contact boundary did not introduce
visible distortions in the global deformation pattern or in the stress distribution.
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Figure 6. Two-dimensional Hertzian contact problem with circular boundary P\= 0.3 GPa:

displacement components (x and y) and the von Mises stress with the body-fitted and SBM
formulation.

A similarly good agreement is observed in the contact pressure distribution along the contact
boundary (Fig. 7). The primal SBM results recover the classical Hertzian profile and converge to
the analytical solution under mesh refinement, with an accuracy comparable to the body-fitted
formulation. On the finest grids, the error in the maximum contact pressure remains below 1%
for all formulations considered; more specifically, the body-fitted solution shows a slight
overestimation, whereas the primal SBM produces a slight underestimation. Overall, these
results show that the SBM formulation provides an accurate and robust immersed treatment of
Hertzian contact, while retaining the main features of the body-fitted reference solution.
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Figure 7. Two-dimensional Hertzian contact problem with circular boundary (for p,= 0.1 GPa

and Py= 0.3 GPa): contact pressure along the boundary .

These results confirmed that the Shifted Boundary Method can provide an accurate and robust
immersed treatment of frictionless contact while avoiding body-fitted mesh generation and
cut-cell integration. The formulation was also extended to two-body contact problems and to
three-dimensional configurations, showing the generality of the approach beyond the simple
disk-wall benchmark. Nevertheless, this development was carried out in the finite element
setting and effectively represents an intermediate step toward the high-order immersed
isogeometric contact framework developed in the subsequent stages of the project.
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3. The Gap Shifted Boundary Method in IGA

This work [49] introduces a high-order isogeometric extension of the Gap-Shifted Boundary
Method for linear elasticity. The method was developed to overcome one of the main limitations
observed in the classical SBM, namely the reduced accuracy in the treatment of Neumann and
traction boundary conditions on immersed geometries. While the standard SBM imposes
boundary conditions on a surrogate boundary and accounts for the true boundary only through
shifted quantities, the Gap-SBM explicitly reconstructs the geometrical region between the
surrogate and physical boundaries.

The key idea is to extend the active spline approximation into this gap region by means of
high-order Taylor expansions and to recover the missing contribution of the physical domain
through curvilinear gap elements. These elements are introduced only for numerical integration
and do not add extra degrees of freedom to the problem. As a result, the size of the algebraic
system remains the same as in the classical SBM, while the weak form accounts more
accurately for the true physical domain.

This construction preserves the main advantages of shifted-boundary methods, namely the
avoidance of cut-cell integration and the favourable conditioning of the resulting linear systems.
At the same time, it improves the accuracy of traction-dominated problems by reducing the
sensitivity to the location of the surrogate boundary. The numerical results show that the
Gap-SBM restores optimal convergence for both Dirichlet and Neumann boundary conditions
and remains robust even for geometries with features smaller than the background mesh size.

Figures 7 and 8 illustrate the main geometrical and approximation ingredients of the method.
Figure 7 shows the relation between adjacent gap elements, interface quadrature points, and
the projection from the surrogate boundary. Figure 8 shows how the basis functions are
extended from the surrogate domain to the interior of the gap elements and to the approximated
physical boundary through Taylor expansions.

Ty < ﬁf. e

Figure 8. Left: Main geometric entities of two adjacent gap elements. Right: Quadrature points
on the interfaces of the gap elements and their projection from the corresponding surrogate
reference point. The arrows indicate the direction of the Taylor expansion used to extend the
basis functions to the interface quadrature points.
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Figure 9. Left: Extension of basis functions used for integration over the interior of the gap
element. Right: Extension of basis functions used for the integration of boundary condition terms
on the approximated boundary. Arrows indicate the direction of the Taylor expansion used to
evaluate the basis functions at interior and boundary quadrature points.

From a geometric point of view, the method starts from an internal surrogate domain, obtained
by activating only the background elements fully contained inside the physical domain. This
choice defines an external gap region between the surrogate boundary and the true boundary.
For each edge of the surrogate boundary, the corresponding points on the true boundary are
identified by closest-point projection, and the strip enclosed between the surrogate edge and its
image on the true geometry is interpreted as a gap element. The collection of these gap
elements provides a geometrically consistent approximation of the missing portion of the
physical domain. A schematic representation of the complete workflow is shown in Figure 10,
which illustrates the successive construction of the surrogate boundary, gap elements, and
quadrature points.

A central ingredient of the formulation is the extension of the active spline approximation into the
gap region. For each quadrature point inside a gap element, the corresponding point on the
surrogate boundary is identified, and the discrete basis functions are extended by means of a
high-order Taylor expansion. In contrast to the standard directional shift used in the classical
SBM, the present formulation adopts an enhanced shift operator that retains the relevant mixed
derivatives of the spline basis. This is particularly important in tensor-product spline spaces,
where mixed terms cannot in general be neglected without losing consistency. The same
extension is applied not only to the solution field, but also to its gradients, which is essential for
the accurate reconstruction of Neumann fluxes. Since the extension acts only on the existing
surrogate basis functions, no additional degrees of freedom are introduced, and the size of the
algebraic system remains unchanged. The enhanced operator is defined as:

where
~p - Dlrfr_..ch\JNA L"x"} _— p i d D(ax,ocy) aux aay
Sy (Na(X)) := Z —7 didy, = (d, d), =097
O, 05p Ty denotes the standard multi-index
power.
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the surrogate vertices. interfaces and exterior boundary.

Figure 10. Visualization of the Gap-SBM for B-splines of order p = 1.

The numerical integration over the gap region is performed through curvilinear gap elements
constructed by means of Coons patch parametrizations. The coons patch mapping F is defined
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as

F(&.n) = (1 —n)Bo(&) +nBi(&) + (1 —&)Lo(n) + £L1(n)
— |1 =& = n)Po + £ —n)Pio + (1 = E)Pos + £nP, |

where BO(E), BI(E), Lo(n), Ll(n) are the lower, upper, left, and right boundary curves

respectively, with § n € [0,1]. By construction the mapping interpolates exactly the four
boundary curves as well as the corner points of the quadrilateral.

This choice is particularly natural because each gap element is bounded by three straight edges
and one curved edge lying on the true boundary. The Coons construction provides a smooth
transfinite interpolation of the element interior and allows standard Gaussian quadrature rules to
be used on a reference domain. In practice, the true boundary is approximated locally by a
polynomial curve of degree consistent with the spline discretization, so that the geometry of the
gap elements remains compatible with the approximation order of the method. Figure 11 is
useful here to show how the curvilinear parametrization evolves with the polynomial order.

(a) Linear gap element. (b) Quadratic gap element. (c) Cubic gap element.

Figure 11. Coons patch parametrization and quadrature points for gap elements of increasing
polynomial order.

Another important aspect of the method is that the treatment of the gap region and the
treatment of the boundary conditions are conceptually separated. Once the computational
domain has been reconstructed through the gap elements, boundary data can be imposed in
different ways on the approximated boundary. In addition to direct imposition, the work
investigates interpolation-based transfer from the true boundary and an SBM-type extrapolation
from the reconstructed boundary to the exact one (see Figure 12). This separation is useful
because it makes it possible to distinguish the effect of geometric approximation from the effect
of boundary-data transfer, and therefore to understand more clearly where the remaining error
comes from when the geometry is only approximated.
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Figure 12. : Imposition of Dirichlet boundary conditions when the computational boundary does
not coincide with the true boundary. From left to right: direct enforcement of the prescribed data
on the approximated boundary; enforcement through interpolation of the boundary data
sampled on the true boundary I; enforcement via the classical Shifted Boundary Method, in
which the prescribed boundary data are transferred from [ to the approximated boundary
through the shift operator.

Numerical Results

The performance of the proposed Gap—SBM has been assessed through a set of numerical
experiments designed to evaluate its accuracy, robustness, and computational properties.
Particular attention has been devoted to three aspects that are especially relevant for the
present work: the treatment of boundary conditions on curvilinear embedded geometries, the
additional computational cost introduced by the gap reconstruction, and the conditioning of the
resulting linear systems. Together, these tests provide a synthetic but representative picture of
the method: on the one hand, they show that the Gap—SBM restores the accuracy lost by the
classical SBM in the presence of Neumann boundary conditions; on the other hand, they
confirm that this improvement is achieved without compromising the favorable numerical
properties that make shifted-boundary approaches attractive in immersed settings.

The first relevant test is the curvilinear embedded benchmark defined by two concentric circles
immersed in a square background domain, with Dirichlet conditions prescribed on the inner
boundary and Neumann conditions on the outer one (Figure 10). This example is particularly
useful because the geometry is not exactly represented by the computational domain, so that
the results directly reflect both the quality of the gap reconstruction and the effect of the
boundary-condition treatment. In this setting, the comparison between direct imposition,
interpolation-based transfer, and SBM extrapolation shows that all Gap—SBM variants recover
the expected asymptotic convergence rates and lead to a substantial improvement in both
accuracy and robustness with respect to the classical SBM.
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More specifically, the results in Figure 13 show that the influence of the boundary-data
treatment depends on the polynomial degree. For linear discretizations, direct imposition
already preserves the correct convergence rates, but interpolated boundary conditions and SBM
extrapolation provide a visible gain in accuracy, with almost indistinguishable performance. For
quadratic discretizations, the geometric approximation improves so rapidly that the differences
between the three approaches become almost negligible. For cubic discretizations, the role of
the boundary treatment becomes relevant again: while direct imposition remains asymptotically
optimal, both interpolation and especially SBM extrapolation improve the solution accuracy at
finer resolutions. In this sense, the benchmark highlights an important practical point: once the
gap region is accurately reconstructed, the way boundary data are transferred to the
approximated boundary can become the dominant factor controlling the final error.

— Direct imposition — Interpolated BCs SBM extrapolated BCs Standard SBM
10! 0 e
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(a) 12 -norm vs. h (b) H'-norm vs. h (c) L™ -norm vs. h (d) Geometrical accuracy

Figure 13. :Step-by-step convergence study for the concentric-circles benchmark with Dirichlet
boundary conditions on the inner circle and Neumann boundary conditions on the outer circle
(see Fig. 9). Panels (a)—(c) report the relative solution errorsinthe L 2, H 1, and L inf norms for
different boundary-condition treatments. Panel (d) reports geometric error indicators of the
surrogate domain.

The computational-cost analysis confirms that the improved accuracy of the Gap—SBM is
obtained with a limited and well-controlled overhead. The timings are split into preprocessing,
assembly, and solver stages (see Figure 14). The results show that the assembly cost grows
approximately linearly with the number of degrees of freedom, whereas the linear solver cost
grows superlinearly and rapidly becomes the dominant contribution under mesh refinement. By
contrast, the additional overhead associated with the Gap—SBM construction follows a much
milder growth, consistent with the theoretical estimate based on the number of cut surrogate
edges. In practice, this means that the extra geometric work required to build and integrate the
gap region does not become the dominant part of the simulation as the mesh is refined.

An important practical implication of these results is that the extra cost introduced by the
Gap-SBM remains asymptotically of lower order than the cost of solving the linear system.
Therefore, although the method requires a more elaborate preprocessing stage than the
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classical SBM, this additional effort is offset by the fact that the dominant computational burden
still lies in the solver, exactly as in standard discretizations. It is also worth noting that, for very
coarse linear meshes, the preprocessing stage may appear comparatively large; however, this
should be interpreted with care, since both the surrogate-boundary construction and the
generation of the gap elements follow a naturally parallelizable workflow. Overall, the timing
results indicate that the method achieves a favorable balance between improved accuracy and

computational overhead.
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Figure 14. Computational cost analysis for the circular benchmark problem. The reported times
are averaged over 20 repeated simulations.
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The condition-number analysis of Figure 15 addresses one of the main motivations behind the
Gap—SBM formulation, namely the preservation of robust linear-system behavior in an
immersed high-order setting. The comparison with unstabilized cut-integration approaches is
particularly informative. In the reported tests, the IBRA formulation without ghost-penalty
stabilization exhibits the typical exponential growth of the condition number, together with large
oscillations and extreme peaks. By contrast, both the classical SBM and the Gap—SBM display

the expected algebraic growth proportional toh_z, confirming that the small cut-cell instability is
avoided. Most importantly, the Gap—SBM shows an even smoother and more regular behavior
than the classical SBM, with significantly reduced oscillations under mesh refinement.

This result is especially relevant because it shows that integrating over the geometric gap does
not destroy the favorable conditioning mechanism inherited from SBM formulations. Even
though the Gap—SBM introduces additional coupling terms through the gap contributions, no
extra degrees of freedom are added, and all quantities are projected onto the already active
basis functions. As a consequence, the stiffness matrix retains the conditioning properties
expected from standard isogeometric discretizations. In practical terms, this makes the method
much more attractive than cut-integration approaches for large-scale computations, since it
supports the use of fast iterative solvers without requiring the additional stabilization machinery
typically needed in unfitted methods based on trimmed cells.

. «— IBRA pl —— SBM pl
" IBRA p2 o SEM p2
IBRA p3 SBAM p3
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= Gap SBAM p2 1 = Gap-SBM p2
e Crap-SEM p3 Gap-$BM p3
= Raferénce === Reference

Condition nmlbser
Condition numbser

(a) IBRA vs. Gap-5BM (b) SBM vs. Gap-SBM
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Figure 15. Condition number as a function of the mesh size for the circular geometry shown in
Fig. 10

3.2 Three-dimensional Gap-SBM on complex STL
geometries

A further development of the Gap-SBM concerns its extension to three-dimensional geometries
described by triangulated surface data. This is an important step for the overall project, since
many complex industrial or biomedical geometries are available as STL-type surface
representations rather than as analysis-suitable volumetric spline parametrizations.

To assess this workflow, the Stanford Bunny was considered as a geometrically complex
STL-derived benchmark. The input triangulated surface is embedded in a Cartesian spline
background discretization, from which an internal surrogate domain is constructed by selecting
the active background cells. The gap region between the surrogate boundary and the input
surface is then reconstructed automatically, producing a computational domain that follows the
external STL geometry without requiring a conforming body-fitted volume mesh. This
construction is illustrated in Figure 16, where the original triangulated surface, a representative
section of the surrogate boundary, and the reconstructed gap boundary are shown.

In this example, a linear geometric reconstruction of the three-dimensional gap cells was
adopted. Although higher-order curved gap cells are possible in principle, they require
tensor-product quadrature rules with a substantially larger number of integration points, leading
to significant assembly and memory costs. The use of linear gap cells avoids this bottleneck and
allows finer Cartesian discretizations to be considered. The remaining mismatch between the
reconstructed and input boundaries is corrected through enhanced SBM extrapolation of order p

(a) Input triangulated STL surface. (b) Representative planar section of the Carte-  (¢) Reconstructed gap boundary obtained using
sian background discretization and surrogate  linear geometric interpolation.
boundary.

Figure 16. Three-dimensional Gap-SBM reconstruction of the Stanford Bunny. The figure
shows the input triangulated STL surface, a representative planar section of the Cartesian
background discretization with the associated surrogate boundary, and the reconstructed gap
boundary obtained through the three-dimensional gap construction.

The mechanical problem is defined by prescribing Dirichlet conditions on the lower support

region of the Bunny and Neumann conditions on the remaining part of the surface. The
prescribed boundary data are derived from a manufactured three-dimensional solution, so that
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the numerical error can be evaluated quantitatively. This setting makes it possible to test both
the geometrical reconstruction and the accuracy of the shifted boundary treatment on a complex
non-parametric surface.

For comparison, a conforming body-fitted finite element mesh was generated from the same
STL surface using GiD. This mesh contained 372,516 nodes and 1,476,132 linear tetrahedral
elements, corresponding to more than one million displacement degrees of freedom before the
imposition of essential boundary conditions. The body-fitted mesh required extensive
user-guided preprocessing, mesh generation, and quality control in order to avoid intersecting or
excessively distorted elements. In contrast, the immersed Gap-SBM workflow preserved the
input surface and generated a naturally refinable sequence of Cartesian discretizations without
conforming volumetric remeshing.

The accuracy results in Figure 17 show a pronounced pre-asymptotic regime on coarse
discretizations. This is expected, since the small-scale geometrical features of the Stanford
Bunny are not sufficiently resolved when the distance between the surrogate and true
boundaries is too large. However, once the relevant features are resolved, the Gap-SBM

recovers the expected convergence behaviour in both the relative L? and H' norms. When the

errors are plotted against the number of degrees of freedom, the expected three-dimensional

“@*Dn the L” norm and DOFs ' in the H' norm.

rates are proportional to DOF's
The comparison with the standard SBM further confirms the benefit of explicitly reconstructing
the missing gap region. For the Stanford Bunny benchmark, the standard SBM exhibits
suboptimal convergence over the investigated refinement range, because the boundary shift
alone does not adequately compensate for the geometrical mismatch associated with the
smaller surface features. By integrating the region between the surrogate and true boundaries,
and by correcting the residual boundary mismatch through enhanced extrapolation, the
Gap-SBM progressively overcomes this limitation under refinement.

At the finest refinement levels, the linear Gap-SBM solution reaches errors comparable to those
of the representative body-fitted finite element solution. The quadratic Gap-SBM discretization

further reduces both the L* and H' errors while using considerably fewer degrees of freedom
than the body-fitted FEM reference. This comparison should be interpreted at the workflow level
rather than as a strict one-to-one comparison, since the body-fitted and immersed
discretizations use different approximation orders and different spatial refinement distributions.

The computational-cost analysis confirms that the additional geometrical work introduced by the
Gap-SBM remains controlled. The construction of the three-dimensional gap topology and
geometry is localized near the surrogate boundary, and its ideal complexity scales with the

number of boundary entities, namely approximately as 0(D0F52/3) under uniform refinement.
The measured overhead grows slightly faster than this reference scaling, but remains of the
same order of magnitude as the standard SBM geometry-construction cost. The total system
assembly retains the expected approximately linear scaling with the number of degrees of
freedom, although with a larger multiplicative constant for the Gap-SBM due to the additional
gap-layer contributions.

Overall, the Stanford Bunny example demonstrates that the Gap-SBM can be used as a
practical STL-to-analysis workflow for complex three-dimensional geometries. It avoids the need
for an analysis-suitable body-fitted volume mesh, preserves the advantages of Cartesian spline
discretizations, and recovers the expected convergence behaviour once the relevant
geometrical features are sufficiently resolved. This result is particularly relevant for the
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subsequent contact developments, since it shows that the same gap-reconstruction strategy
can support complex immersed geometries where body-fitted meshing would be costly or

unreliable.
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Figure 17. Accuracy and computational-cost analysis for the Stanford Bunny benchmark. The

relative L* and H' errors are reported as functions of the number of degrees of freedom for
standard SBM and Gap-SBM with spline degrees p = 1 and p = 2. The cost plots compare the
geometry-construction overhead introduced by the Gap-SBM and the total system-assembly
times. The results show that the Gap-SBM recovers the expected convergence behaviour on
sufficiently refined discretizations while introducing a controlled additional computational cost.

4. Gap-SBM multipatch coupling as an enabling tool
for local refinement

The Gap-SBM framework was also extended to the coupling of independent isogeometric
patches with non-matching discretizations. This development is important for the overall project
because it provides a flexible way to introduce local refinement in immersed isogeometric
simulations without requiring matching knot vectors, conforming parametrizations, or globally
refined spline spaces.

In standard isogeometric analysis, local refinement can be difficult because tensor-product
spline spaces tend to propagate refinement across large portions of the computational domain.
This limitation is particularly relevant in structural and contact mechanics, where high resolution
is often needed only in localized regions, such as stress concentrations, traction-loaded
boundaries, or active contact zones. The Gap-SBM multipatch formulation addresses this issue
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by allowing different spline patches to be discretized independently and then weakly coupled
through reconstructed gap regions.

The main idea is to treat the region between two non-matching patch interfaces in the same
spirit as the Gap-SBM treatment of physical boundaries. Each patch retains its own
approximation space, mesh size, polynomial degree, and parametrization. The geometrical
region between the patch interfaces is reconstructed and used only for numerical integration. No
additional degrees of freedom are introduced in the gap region, and the coupling conditions are
imposed weakly through interface terms evaluated on the reconstructed geometry.

This construction makes it possible to introduce refined patches only where additional resolution
is required, while retaining a coarser discretization elsewhere. In the first multipatch tests, this
idea was applied to immersed boundary-value problems with Neumann conditions on an
internal boundary. A locally refined patch was introduced around the immersed boundary and
coupled to the surrounding coarser patch through the Gap-SBM multipatch formulation. The
results showed that both local h-refinement and local p-refinement can improve the local
accuracy near the immersed boundary without refining the complete computational domain.

Figure 18 llustrates this idea on an embedded Neumann problem. The single-patch
configuration is compared with multipatch configurations in which either the mesh size or the
polynomial degree is increased only in the patch surrounding the immersed boundary. The
comparison shows that the multipatch setting can reduce the local error in the region where the
boundary condition is imposed, while preserving a coarser discretization away from the critical
region.

The relevance of this development became more evident in the subsequent immersed contact
formulation. In contact mechanics, the pressure field and the associated stress gradients are
typically localized around a small active contact region. The Gap-SBM multipatch framework
therefore provides a natural way to concentrate the computational resolution near the contact
interface. In the most recent contact developments, this idea was used to introduce localized h-
and p-refinement near Hertzian and gear-pinion contact regions, while keeping the rest of the
bodies more coarsely discretized.

Two refinement strategies were considered in the contact setting. The first is a
boundary-oriented strategy, in which a fine patch is created along the physical boundary and
coupled to a coarser interior patch. The second is a box-localized strategy, in which the fine
background discretization is generated only inside a user-defined region surrounding the
expected contact zone. The latter strategy further reduces the number of unnecessary fine cells
away from contact and provides a more localized use of the high-resolution discretization.

Therefore, the Gap-SBM multipatch formulation should be interpreted as an enabling tool within
the project. It connects the boundary-reconstruction capabilities of the Gap-SBM with the
practical need for local refinement in immersed structural and contact simulations. Its role is not
limited to the specific Poisson or elasticity benchmarks used for validation, but extends directly
to the immersed contact framework discussed in the following section.
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Figure 18. :Comparison of error distributions for an embedded Neumann boundary (pointwise
absolute error). The black solid line represents the surrogate Neumann boundary. The blue line
shows the outer patch’s surrogate inner boundary, and the green line shows the refined patch’s
surrogate outer boundary (which coincides with the coupling interface). (a) Single-patch
configuration using the classical SBM. (b) Two-patch configuration with similar mesh sizes. (c)
Two-patch configuration with local h-refinement around the Neumann boundary (inner patch
mesh size reduced by a factor of 4). (d) Two-patch configuration with local p-refinement on the
inner patch (cubic polynomial degree in inner patch, vs. quadratic in outer patch). (For
interpretation of the references to colour in this figure legend, the reader is referred to the web
version of this article.)
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5. Immersed isogeometric contact with SBM and
Gap-SBM

The most recent development of the project concerns the extension of immersed contact
mechanics to the high-order isogeometric setting [50]. The objective is to formulate frictionless
contact between independently immersed elastic bodies, each described by its own background
spline discretization, active domain, surrogate boundary, and physical contact surface. This
setting is more complex than classical body-fitted contact, because the computational contact
boundaries of the two bodies are generally non-matching and do not define a common interface,
as shown in Fig. 19.

The formulation is developed in the small-deformation regime and considers homogeneous,
isotropic, linear elastic materials. This restriction allows the geometrical and numerical aspects
of the immersed contact formulation to be studied in a controlled setting, while retaining the
main difficulties associated with independently immersed bodies, non-matching contact
interfaces, surrogate geometries, and localized contact resolution.
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Figure 19. Geometrical construction for two independently immersed bodies. Each physical
body is embedded in its own background discretization, from which the corresponding active
domain and surrogate boundary are constructed independently. The surrogate boundaries are
then partitioned into Dirichlet, Neumann, and candidate contact portions according to the
corresponding surrogate-to-physical projections.

For two deformable bodies, denoted as slave and master, the contact kinematics are described
through the normal gap between the two physical contact surfaces. Following the standard
master—slave convention, the slave side is selected as the reference and integration side, while
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the master body provides the target surface for the contact projection. The small-displacement
normal gap can be written as

QN(U) =gnN,o — |[U—]l -1,

where Iyo is the initial geometrical gap, n is the slave-side normal direction, and [[u]]denotes

the displacement jump between the two bodies. The frictionless contact conditions are
expressed through the standard complementarity relations

gn(u) >0, pn(u) >0, py(u) gy(u) =0,

where Py is the normal contact pressure. These conditions enforce non-penetration,
non-adhesion, and complementarity between the normal gap and the contact pressure.

Since each body is immersed independently, the slave and master surrogate contact
boundaries do not generally coincide with each other or with the physical contact boundaries.
Therefore, a contact association must be constructed through a sequence of geometrical maps.
A point on the slave surrogate contact boundary is first projected onto the physical slave contact
boundary. From there, a slave-normal projection identifies the corresponding point on the
physical master contact boundary. Finally, this physical master point is associated with the
master surrogate boundary. In compact form, this composition can be written as

This mapping defines the contact pair on the physical surfaces, while the discrete fields remain
associated with the independently constructed surrogate spline discretizations (see Figure 20).

(Do . Ts [ENel I [l Technical Report Page 27 of 41




;1) Design for 1GA-type
é discretization workflows

Master Master Master

Slave Slave Slave

(&) Slave surrogate-to-true projection. (b) Slave-to-master normal projection. () Master true-to-surrogate pull-back.

e £—+m -
Pi.c ¢ —_— Ui

Figure 20. Construction of the one-pass surrogate contact association. A point on the slave
surrogate contact boundary is first mapped to the physical slave boundary, then projected onto
the physical master boundary along the slave normal, and finally related to the master surrogate
boundary. The composition of these maps defines the contact association between the
independently immersed bodies.

This construction is one of the main differences with respect to standard body-fitted contact. In
the body-fitted case, the contact interface is directly represented by the computational
boundaries. In the immersed case, the contact quantities must be transferred consistently
between surrogate and physical geometries. The formulation must therefore account for
different normals, different integration measures, and non-matching discretization breakpoints
on the two contacting sides.

To handle the non-matching character of the contact interface, a mortar-type segmentation is
introduced on the slave side. The endpoints of the master contact segments are pulled back
onto the slave integration boundary and combined with the native slave segment boundaries.
The resulting partition defines integration subsegments over which the corresponding slave and
master element pair remains fixed. This provides a consistent segment-wise quadrature of the
non-matching contact interface. In this work, the term mortar refers to the construction of the
integration partition, while the contact constraint itself is enforced through Nitsche’s method.

The unilateral contact constraint is imposed through a biased one-pass Nitsche formulation. The
projected contact operator combines the slave-side normal traction with a stabilization term
proportional to the normal gap,

P, n(up) =ty p(ug) + vvgna(un),

where tISVh is the slave-side normal traction, Iyn is the discrete normal gap, and Yy is the

Nitsche stabilization parameter. The negative part of this operator is used to activate the contact
contribution only where the unilateral constraint is violated. This makes it possible to treat the
transition between active and inactive contact regions without introducing additional Lagrange
multiplier unknowns.
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In the SBM contact formulation, contact integration is performed on the slave surrogate contact
boundary. The normal gap is evaluated at the associated physical contact pair through shifted
displacement fields, while the contact traction is obtained from the shifted slave-side stress. The
residual contribution is then assembled on the surrogate boundary, using a projected integration
measure that accounts for the relative orientation between the physical and surrogate slave
boundaries. In this way, the SBM formulation preserves the cut-cell-free character of the shifted
boundary framework.

In the Gap-SBM contact formulation, Fig. 21, the same Nitsche enforcement and the same
slave-side segmentation strategy are used, but the geometrical treatment of the contact
interface is different. The regions between the surrogate and physical boundaries are
reconstructed through integration-only gap cells. The spline fields are extended into these
reconstructed regions, and the contact quantities are evaluated directly on the reconstructed
physical contact geometry. The contact contribution is therefore integrated with the physical
measure on the reconstructed interface, rather than on the surrogate boundary.
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Figure 21. Local geometric construction used in the Gap-SBM contact formulation. The
reconstructed gap regions provide the quadrature support for the extended discrete fields, while
the slave-to-master contact projection is defined directly on the reconstructed physical contact
geometry.
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The comparison between SBM and Gap-SBM is meaningful because the contact enforcement is
kept the same in both formulations. The difference lies in the geometrical representation of the
contact interface and in the evaluation of the contact quantities. In the SBM formulation, the
physical quantities are recovered through shifted operators and assembled on the surrogate
boundary. In the Gap-SBM formulation, the physical contact interface is reconstructed and the
extended fields are evaluated directly on it. This makes it possible to isolate the influence of the
geometrical treatment of the immersed contact interface.

The resulting framework can therefore be interpreted as a unified immersed isogeometric
contact formulation in which two different geometrical treatments are compared under the same
biased one-pass Nitsche strategy. The SBM provides a simpler surrogate-boundary formulation,
while the Gap-SBM provides a reconstructed-interface formulation that is particularly useful
when the complete physical contact boundary must be recovered accurately. This distinction
becomes especially important in the numerical examples involving immersed corners,
boundary-condition transitions, and localized contact regions.

5.1 Numerical results of the
immersed isogeometric contact
framework

The immersed isogeometric contact framework was assessed through a sequence of numerical
tests of increasing complexity. The objective was not only to verify the accuracy of the proposed
contact formulation, but also to understand the effect of the geometrical treatment of the contact
interface, the role of local refinement, and the applicability of the method to more representative
contact configurations.

The results reported here focus on four representative cases. First, contact patch tests are used
to isolate the consistency of the formulation and the effect of immersed contact corners.
Second, a Hertzian cylinder—cylinder benchmark provides a quantitative comparison with an
analytical contact-pressure distribution. Third, local multipatch refinement is assessed on the
same Hertzian benchmark in order to evaluate whether the contact response can be recovered
without uniformly refining the complete bodies. Finally, a gear—pinion contact problem is
considered as a more complex application involving curved contact surfaces, localized stress
concentrations, and contact-region migration.

Contact patch test: effect of the immersed geometry

The first set of tests concerns two-body contact patch tests. These examples are useful
because the exact solution corresponds to a uniform stress state transmitted across the contact
interface. They therefore make it possible to distinguish errors caused by the contact
enforcement itself from errors caused by the immersed geometrical representation.

DC3 - Andrea Gorgi EREELIEEIES Page 30 of 41




Gecko

. Design for 1GA-type
ié discretization workflows

In the equal-size rectangular patch test, both the SBM and Gap-SBM formulations reproduce
the analytical compression state up to numerical precision. This confirms that the biased
one-pass Nitsche formulation and the mortar-type segmentation are consistent when the
contact interface is not affected by geometrical coverage issues.

A more demanding test is obtained by rotating the complete two-body configuration with respect
to the Cartesian background discretizations. In this case, all boundaries are immersed and the
contact boundary meets other boundary-condition portions at non-smooth immersed corners.
The standard SBM exhibits localized stress errors near the contact corners. These errors are
not caused by the Nitsche contact formulation itself, but by the fact that the surrogate-to-true
boundary mapping does not cover the complete physical contact interface close to the corners.

The Gap-SBM avoids this limitation by reconstructing the region between the surrogate and true
boundaries and by integrating up to the complete physical contact interface. As a result, the
uniform patch state is recovered up to machine precision, while the standard SBM only
approaches the exact state under mesh refinement. This test clearly shows the main
geometrical advantage of the Gap-SBM contact formulation: when the complete physical
interface must be represented accurately, reconstruction of the gap region is more robust than
relying only on shifted quantities from the surrogate boundary. The paper reports this distinction
clearly in the rotated patch test, where Gap-SBM recovers the complete contact interface and
the SBM error remains localized near contact corners, as shown in Figure 22 .

SBM Gap-SBM

(¢) Normal-stress error. (d) Normal-stress error.
&I’T” m
L i |
—0.224851 0 0.224851

Figure 22. Fully immersed rotated contact patch test. The SBM formulation exhibits localized
stress errors near the contact corners because the surrogate-to-true mapping does not cover
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the complete physical contact interface. The Gap-SBM reconstruction recovers the complete
physical boundary and reproduces the uniform stress state up to numerical precision.

Hertzian cylinder—cylinder contact

The second benchmark is the Hertzian cylinder—cylinder contact problem. This test provides a
quantitative reference for the normal contact-pressure distribution and is used to compare the
SBM and Gap-SBM formulations under uniform mesh refinement. The same one-pass Nitsche
enforcement, mortar segmentation, material parameters, and background discretizations are
used for both formulations, so that the comparison isolates the effect of the geometrical
treatment of the contact interface.

Both immersed formulations progressively recover the analytical Hertzian pressure profile under
refinement. The largest discrepancies are concentrated near the edges of the active contact
region, where the analytical pressure exhibits the characteristic square-root decay. This
non-smooth behaviour limits the benefit of increasing the polynomial degree and makes the
observed convergence rates sensitive to the error measure and to the active contact extent.

The results show that quadratic spline discretizations improve the representation of the central
pressure distribution and the maximum pressure for both SBM and Gap-SBM. At the finest
common local mesh resolution, the relative pressure error is reduced from approximately eight
percent for linear discretizations to approximately four percent for quadratic discretizations. The
error in the maximum contact pressure falls below one percent for the quadratic cases. The
predicted contact half-width is less sensitive to the polynomial degree, reflecting the difficulty of
accurately locating the transition between active and inactive contact.

For this smooth Hertzian configuration, the SBM and Gap-SBM contact treatments show
comparable behaviour when the contact region is sufficiently resolved (see Figure 23). This
indicates that, when the physical interface is smooth and well covered by the surrogate-to-true
mapping, the simpler SBM formulation can provide contact pressures close to those obtained
with the reconstructed Gap-SBM interface. The advantage of the Gap-SBM becomes more
evident in geometrically more difficult configurations, such as immersed contact corners or
non-smooth boundary-condition transitions. The paper reports this close behaviour for the Hertz
benchmark, with both formulations recovering the Hertz pressure distribution and quadratic
discretizations reducing the peak-pressure error below one percent.
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Figure 23. Normalized contact-pressure distributions for the Hertzian cylinder—cylinder
benchmark. The SBM and Gap-SBM formulations are compared with the analytical Hertz
solution for linear and quadratic spline discretizations. Both methods recover the Hertzian
pressure profile under mesh refinement, with improved peak-pressure prediction for quadratic
splines.

Local multipatch refinement for contact

The Hertzian benchmark was also used to assess local multipatch refinement. This part is
important because contact pressures and stress gradients are strongly localized near the active
contact region. A uniformly fine discretization of the complete bodies is therefore inefficient,
especially when high-order spline spaces are used.

Three refinement strategies were compared: uniform refinement, boundary-oriented multipatch
refinement, and box-localized refinement. In the multipatch cases, a fine patch is introduced
near the contact region and coupled to a coarser surrounding patch through the Gap-SBM
multipatch formulation. The same local resolution is retained in the contact region, while the rest
of the body is represented with a coarser discretization.

The results show that the local contact response is mainly controlled by the resolution available
in the active contact region. Uniform refinement, boundary-oriented multipatch refinement, and
box-localized refinement produce very similar local stress distributions and contact-pressure
profiles when the contact-zone resolution is comparable. This confirms that the fine
discretization does not need to extend throughout the complete bodies in order to recover the
local Hertzian response.
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The efficiency advantage becomes clear when the pressure error is plotted against the total
number of degrees of freedom, as in Figure 24. The multipatch strategies reach a comparable
level of contact-pressure accuracy with fewer global unknowns than uniform refinement,
because the fine resolution is concentrated only where it is mechanically needed. The
box-localized strategy is the most localized option, since it restricts the refined discretization to a
prescribed region around the contact zone. The paper explicitly reports that the three strategies
have similar behaviour when plotted against local mesh size, while the multipatch strategies
become more efficient when plotted against global degrees of freedom.
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Figure 24. Convergence and degree-of-freedom efficiency of the local refinement strategies for
the Gap-SBM contact formulation. Uniform refinement, boundary-oriented multipatch
refinement, and box-localized refinement are compared in terms of contact-pressure error
versus local mesh size and total number of degrees of freedom. The multipatch strategies
preserve the local contact accuracy while reducing the number of global unknowns required to
reach a comparable error level.

Gear—pinion contact benchmark

The final benchmark is a gear—pinion contact problem. This example is more representative
than the Hertzian cylinder—cylinder benchmark because the contacting tooth flanks have
continuously varying curvature, the contact region may migrate under load, and the stress field
is strongly localized near the active tooth pair and the tooth roots.

The immersed SBM and Gap-SBM solutions were compared with an independent body-fitted
finite element simulation performed in Kratos using a frictionless Augmented Lagrangian contact
formulation. The body-fitted solution was used as a numerical reference rather than as an exact
solution. The immersed discretizations employed local multipatch refinement near the selected
contact region, while the remaining parts of the bodies were represented more coarsely.

The comparison of the local normal-stress fields showed that the body-fitted FEM, SBM, and
Gap-SBM formulations capture the same main contact response. To interpret the pressure
profiles, two Hertzian estimates were considered. The first one was constructed at the initial
tangency point of the tooth flanks. The second one was updated using the effective contact
location identified from the refined FEM solution. This updated estimate accounts for the
migration of the contact region along the original tooth profiles.
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The pressure profiles at three torque levels show close agreement between FEM, SBM,
Gap-SBM, and the updated local Hertzian estimate, Fig. 25. The initial Hertzian estimate is
shifted with respect to the numerical contact region, while the updated estimate captures both
the pressure peak and the contact width much more accurately. At the nominal load, the
numerical pressure profiles show a slight asymmetry, which is consistent with the fact that a
wider portion of the tooth flank is involved and the local curvature varies across the active
contact region.

This example demonstrates that the proposed immersed isogeometric contact framework can
be applied to a geometrically complex mechanical configuration. The agreement with the
body-fitted FEM solution and with the updated Hertzian estimate indicates that the local contact
response can be captured accurately while retaining the flexibility of immersed discretizations
and localized multipatch refinement. The paper reports that FEM, SBM, and Gap-SBM remain
close across the three load levels, and that the updated Hertzian estimate reproduces the
contact width and peak pressure well.

(a) M, /'10 (b) M, /:

Figure 25. Normal contact-pressure profiles for the gear—pinion benchmark at three applied
torque levels. Body-fitted FEM, SBM, and Gap-SBM solutions are compared with two Hertzian
estimates: one based on the initial tangency point and one updated using the effective contact
location obtained from the refined FEM solution. The updated estimate captures the contact
location, width, and peak pressure more accurately, while the numerical solutions remain close
across the three load levels.
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6. Conclusions and Outlook

This report summarized the progress of the PhD project on immersed and high-order
computational mechanics based on the Shifted Boundary Method, the Gap-Shifted Boundary
Method, and Isogeometric Analysis. The work has evolved from the initial integration of SBM
within IGA toward a broader framework for structural and contact mechanics on complex
geometries.

The first stage of the project focused on the development of SBM-IGA as a cut-cell-free
strategy for embedded geometries. The method combines the accuracy and smoothness of
spline-based discretizations with the flexibility of immersed methods, avoiding body-fitted mesh
generation and small cut-cell instabilities. The numerical results showed good agreement with
body-fitted IGA for Dirichlet-dominated problems, while also revealing the main limitation of the
classical SBM: a reduced accuracy and stronger sensitivity for Neumann and traction boundary
conditions.

A first extension toward contact mechanics was then developed in the finite element setting.
This work showed that frictionless contact conditions can be imposed on surrogate contact
surfaces by shifting the relevant kinematic and mechanical quantities from the true boundary to
the surrogate one. The Hertzian contact benchmarks confirmed that the SBM can reproduce
analytical and body-fitted contact-pressure distributions with good accuracy, while avoiding
cut-cell integration. This represented an important intermediate step toward high-order
immersed contact formulations.

The central methodological contribution of the project was the development of the Gap-SBM in
the isogeometric framework. By reconstructing the region between the surrogate and true
boundaries through integration-only gap elements, the method recovers the missing contribution
of the physical domain without adding degrees of freedom. The numerical results showed
improved accuracy for Neumann and traction boundary conditions, reduced sensitivity to the
surrogate boundary, and favourable conditioning behaviour.

The Gap-SBM was also extended toward more general workflows. The three-dimensional
Stanford Bunny benchmark demonstrated its potential as an STL-to-analysis strategy for
complex triangulated geometries, avoiding the need for analysis-suitable body-fitted volume
meshes. In parallel, the Gap-SBM multipatch formulation provided a flexible way to couple
independent spline patches with different mesh sizes, polynomial degrees, and
parametrizations. This makes it possible to introduce local h- and p-refinement near immersed
boundaries or regions of interest without uniformly refining the complete domain.

The most recent stage of the project combined these developments in an immersed
isogeometric contact framework based on SBM and Gap-SBM. The formulation considers
frictionless contact between independently immersed elastic bodies and uses a biased
one-pass Nitsche strategy with mortar-type segmentation. Since the SBM and Gap-SBM
contact formulations share the same enforcement strategy, their comparison isolates the effect
of the geometrical treatment of the contact interface.
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The numerical results showed that both formulations can reproduce Hertzian contact responses
when the interface is smooth and sufficiently resolved. The Gap-SBM, however, provides a clear
advantage in fully immersed configurations with contact corners and boundary-condition
transitions, where the classical SBM may fail to cover the complete physical contact interface.
The local multipatch refinement studies further showed that accurate contact pressures can be
obtained by refining only the active contact region, reducing the need for globally fine
discretizations.

Finally, the gear—pinion benchmark demonstrated the applicability of the framework to a more
complex mechanical configuration involving curved contact surfaces, localized stress
concentrations, and contact-region migration. The immersed SBM and Gap-SBM solutions
showed close agreement with body-fitted finite element results and with an updated local
Hertzian estimate, confirming the potential of the approach for geometrically complex contact
problems.

Overall, the project has progressed from a first SBM—-IGA proof of concept to a more complete
immersed isogeometric framework combining accurate boundary treatment, local refinement,
and contact mechanics. Future work will focus on three-dimensional contact, improved
automation for complex industrial geometries, and the extension to nonlinear material
behaviour, especially elastoplasticity.
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